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1. MOTIVATION

1.1. Fermat. A large part of the motivation for algebraic number theory comes from trying to solve Dio-
phantine equations. In other words, if we take a polynomial p(x) € Z[x1, ..., 2,], we can ask which values
a=(a,...,a,) € Z" satisfy p(a) = 0. This is an extremely difficult question in general, as illustrated by
the following theorem.

Theorem 1.1.1 (Matyasevich-Robinson-Davis—Putnam). There exists no algorithm which takes an arbi-
trary polynomial in a finite number of variables with Z coefficients and determines whether or not it has a
solution.

Moreover, in any given azxiomatization of number theory, one can prove that there exists such a polynomial
which has no solutions, but one cannot prove this from the azioms.

This means that if we want to solve Diophantine equations, we have to find some deeper structure in a
particular equation in order to approach it.

Let’s pick a particularly famous example with a long and tumultuous history: fix a positive integer n and
consider

p(x) =a" +y" — 2"
In other words, we want to look for triples (z,vy,2) € Z* such that 2™ + y" = 2.

e For n = 1, the solutions are easy to classify.

e For n = 2 the solutions are called Pythagorean triples, and it is known completely how to classify
them. There are a few different (essentially similar) proofs, but the basic idea is to factor the equation
as

(z +iy)(x —iy) = 2
(where i> = —1) and use properties of “prime numbers” in the ring
Zji)={a+bi:abeZ},

which is the ring of Gaussian integers. We will come back to this ring later, but you can already get
a hint at how solving equations in Z might involve working with numbers slightly more general than
ordinary integers.

e For n > 2:

Theorem 1.1.2 (“Fermat’s Last Theorem”, due to work of many many people). There exist no
solutions to ™ +y™ = 2" forn > 2 and xyz # 0.

While this course will not cover the general proof, which uses the so-called “modularity of elliptic
curves”, we will now talk about some special cases.

Let’s focus more on the n > 2 case. First let’s perform a reduction step. If n = pm for p an odd prime,
then 2™ 4+ y™ = 2" implies (x™)P 4+ (y™)? = (z™)P. If not, then n = 2", and then z™ + y™ = 2™ implies
(22 ) 4 (12 )1 = (22 7)*. So we are reduced to proving Fermat’s Last Theorem for n = 4 and n = p
an odd prime.

Fermat famously claimed to have proven his “Last Theorem”, but unfortunately his proof didn’t fit into the
margins. It is widely suspected that he had a proof which worked in certain cases, but which fails in general
for reasons that will become the general theme of the course. The case n = 4, for which Fermat gave a
complete proof, can be done by the method of infinite descent, and is left as an exercise.
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Exercise 1.1.3. Complete Problem 2 in https://services.math.duke.edu/~jdr/mathcamp/hwl.pdf.

The odd prime case is much harder, and the eventual proof was only completed in the 1990s by Andrew
Wiles and his student Richard Taylor, although it built on important work of many many other people. On
the other hand, specific cases are accessible by elementary methods.

Example 1.1.4. Let’s think about the case p = 3. As before, we want to factorize x> + 33, and we do so
as follows. Let (3 = €2™/3 so that ¢§ = 1 (we say that (3 is a primitive third root of unity). Then

(1) 2 =2’ +y’ = (2 +y) (@ + Gy + Gy),
and as before, we now want to use properties of “prime numbers” in the ring
Z[C?)] = {a+bC3 : a’abe Z}7

In the end, one ends up showing that the three factors on the right side of Equation 1 are either coprime
or share one factor in common depending on whether 3 | zyz. In both cases there is an argument using
congruences that leads to a contradiction which we will see later in the course once we understand class
groups better.

The thing that I haven’t yet said is that so far in the examples I've given the rings Z[i] and Z[(3] are unique
factorization domains, which is why the arguments work. This basically means that any number in Z[i] can
be uniquely factored into “prime numbers”. Thus far it’s not even clear what we mean by “prime numbers”,
but we will talk about this in a bit. Note that to make the argument above work we already need this notion,
because we used the word “coprime” in the above paragraph. However in general we will not have unique
factorization: already Z[(s3] is not a UFD.

1.2. Pell. So far we have reduced the study of a family of Diophantine equations to understanding rings
obtained by taking Z and adjoining roots of 1. Here is another equation, known as Pell’s equation, which
we can use to motivate our study of another class of algebraic number rings:

22 —ny? =1.
Remark 1.2.1. Historically these equations were studied because a solution implies a rational approximation

to /n: indeed the equation rewrites as (z/y)? —n = 1/y?, so if y is large enough then we get a decent
approximation.

So we want to classify solutions to this equation. How do we do it? Surprise, we factor the sum:

1=2®—ny® = (x4 Vny)(z — Vny)
and now we can try to study the ring Z[\/n]. But this time instead of thinking about “prime numbers” in
this ring, we note that a solution to the above equation is a unit in Z[y/n] (a unit is a number x such that
there exists y so that zy = 1). So this gives us a reason to try to understand the units in number rings. One
of our goals will be to prove the following:

Theorem 1.2.2 (Dirichlet’s Unit Theorem). Let K be a number field with vy real embeddings and ro complex
conjugate pairs of complexr embeddings. If Ok denotes the ring of integers in K, then

OF = u(K) x 2+t
where p(K) ={x € K : 2™ =1 for some n > 0}.

If any of this terminology is unfamiliar then don’t worry, we will cover it in later lectures. For now, we’ll
content ourselves by noting that the field K = Q(y/n), which has ring of integers O = Z[/n| (for simplicity,
restrict to the case where n is squarefree and n Z 1 mod 4), has r; = 2 and ro = 0. So by Dirichlet’s unit
theorem,

Z(vn)* =2 {+1} x Z.
Therefore if we find a generator of the copy of Z in the product, we have an algorithm which generates all
possible candidate solutions to Pell’s equation.
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Let’s recall some basic properties of Z, which we will later generalize.

Exercise 1.3.1.

Well-ordering principle: every non-empty subset of Z>, contains a smallest element. Equiva-
lently, there is no infinitely descending sequence a; > az > --- > ap > --- in Z>o. We will take this
as an axiom: depending on which logical framework you work in, it’s either an axiom or a theorem.

Prime factorization: every positive integer a can be written as

G,:p?1 pzk
where p1, ..., pg are distinct prime numbers.
Proof. Exercise. Hint: use the well-ordering principle. O

Division algorithm: Let a,b € Z with b # 0. There exist unique ¢, € Z such that a = ¢b+ r and
0<r<|b.
Proof. Exercise. Hint: apply the well-ordering principle to the set {n € Z>¢ : a — sb,s € Z}. O
Bézout’s identity: For a,b € Z (not both 0) there exist z,y € Z such that
ged(a,b) = ax + by.

Proof. Exercise. Hint: apply the well-ordering principle to {ax + by : 2,y € Z}NZ~¢. Alternatively,
perform the FEuclidean algorithm. O

Euclid’s lemma: If a,b € Z and p is prime and p | a, b, then either p | a or p | b.
Proof. Exercise. Hint: use Bézout’s identity. ]
Uniqueness of prime factorization: If ¢ > 0 and

Pit P =a =gt g
are distinct prime factorizations, then k£ = £ and up to reordering we have p; = ¢; and n; = m;.
Proof. Exercise. Hint: repeatedly apply Euclid’s lemma. |

Separating powers: If a,b,c € Z\ {0} and n > 0 such that o™ = be, then if ged(b,¢) = 1 there
exist by, co € Z such that
b= +bj and ¢ = £¢j.

Proof. Exercise. Hint: use uniqueness of factorization. O

1.4. Z[i]. Recall before that we wanted to classify solutions to 22 + y? = 22 by reformulating it as (z +
iy)(z — iy) = 22 and then using properties of primes in Z[i], the ring of Gaussian integers. What are those
properties? Let’s try to mimic the properties of Z above. There is no well-ordering principle in this setting,
but we can instead push ourselves down into a situation where we can use the well-ordering principle for

Z.

Definition 1.4.1. The norm map N : Z[i] — Z is given by

N(a+bi) := (a+ bi)(a — bi) = a® + b,

Of course if we embed Z[i] — C, then N is just the square of the usual Euclidean norm.

Exercise 1.4.2. Show that N(«) =1 if and only if o € Z[i]*. In particular, determine Z[i]* explicitly and

verify Theorem 1.2.2 in this case. You may assume that the roots of unity in Q(z)

* are contained in Z[i]*,

and that 1 =0 and ro = 1.

Proposition 1.4.3. For any «, 8 € Z[i] with 5 # 0, there exists k, A such that o = KB+ and N(\) < N(B).
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Proof. By the well-ordering principle, the set {n € Z : n = N(a — 0f3) for o € Z[i]} has a smallest element,
so call it £. Then ¢ = N(a — kf3) for some specific k € Z[i], so let A = o — k. It remains to show that
N(X) < N(B). Now note that Z[i], when plotted in the complex plane, is exactly the integer gridpoints, and
geometrically one sees that  is the closest gridpoint to the complex number «/8. In particular this implies
that N(a/B — k) < (1/2)% + (1/2)2 < 1, and therefore

N()) = N(a - #B) < N(B).
O

Remark 1.4.4. If D(z,1) denotes a disk of radius 1 in the complex plane around a point € C, then this
proof can be reinterpreted as saying

Cc= |J D@1

T €E€L[)

Remarkably,

c# |J D@1

T€Z[C23)

but I see no clear and intuitive geometric reason why you should expect this to be true. In fact if you start
plotting points near the origin, it looks like Z[(23] has more of a chance of satisfying this property!

Exercise 1.4.5. Using Proposition 1.4.3, prove that for any «, 8 € Z[i] not both zero, there exists a greatest
common divisor. In other words, show that there exists ¢ € Z[i] which divides both o and §, and such that
every common divisor of o and § divides § (hint: try to adapt the Euclidean algorithm for Z to Z[i]). In
fact, show further that there exist exactly 4 greatest common divisors (hint: think about Z[i]*). Can you
think of a way to canonically distinguish one of them?

Ultimately we want unique factorization, so let’s talk about primes. The definition of a prime number in Z
is usually stated as “a positive integer whose positive divisors are 1 and itself”. On the other hand:

Lemma 1.4.6. p > 0 is a prime number if and only if it is not equal to 1 and
plnm = plnorp|m
for alln,m € Z~y.
Something that will be a key point in what follows is that Lemma 1.4.6 is not always true in general. What

does this mean? If we allow ourselves to enlarge what we consider a prime number in Z, we can make a
more uniform definition.

Definition 1.4.7. Fix a commutative ring R. If r;s € R then we say r | s if s = rt for some ¢ € R. An
element r € R\ (R* U{0}) is

e primeif r | st = r|sorr|tforall st € R.

e irreducible if r = st implies that either s or ¢ is in R*.
Lemma 1.4.8. In an integral domain, all primes are irreducible.

Proof. If r is prime and r = st, then without loss of generality st | s, so s = stu for some v € R. Since R is
an integral domain 1 = tu, so t € R*. O

We will see an example later of an integral domain which contains an irreducible element that is not
prime.

Remark 1.4.9. So Lemma 1.4.6 almost says that in Z, prime = irreducible; the issue is that with this new
definition, prime elements of Z are now allowed to be negative. So for instance both 3 and —3 are prime
elements in Z. The choice of positive vs negative in the usual definition of a prime number is similar to the
canonical choice of ged that you found in Exercise 1.4.5.
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Exercise 1.4.10.
(1) Show that in Z[i], irreducibles are prime.
(2) Show that if N(«) is prime then « is prime in Z[¢]. Prove or disprove the converse.

(3) Finally, conclude that Z[i] has unique factorization. In other words, show that every nonzero a € Z[i]
can be written uniquely in the form

ni Nk
7T1 ...ﬂ-k

up to reordering and multiplication by a unit in Z[i]*, for 7; distinct primes in Z[i] (hint: induct on
N()).

(4) Bonus exercise (tricky): classify all of the primes in Z[i] in terms of the primes in Z (hint: use the
norm).

Using unique factorization we have the separating powers property:

Proposition 1.4.11. In Z[i], if o, B,y € Z[i] \ {0} and n > 0 such that o™ = B~y then if 5,7 share no
common prime factors there exists Bo,yo such that f = pfy and v = p'~§ with p, @' units.

Proof. The proof is basically the same as for Z: use unique factorization and coprimality. |

Now let’s go back to the Fermat problem. We had (x + iy)(z — iy) = 2%. By eliminating common factors
we may assume &, y, z are pairwise coprime (i.e. the triple is primitive). We also note that z must be odd in
this case: if z were even then either x and y are both even and they’re no longer pairwise coprime, or x and
y are both odd, and working mod 4 one reaches a contradiction.

Lemma 1.4.12. x + iy and x — iy share no prime factors in Z][i].

Proof. First note that z and y share no prime factors in Z[i]. For this, suppose z = gu and y = gv for
g,u,v € Z[i]. Then u,v are colinear, i.e. are Z-multiples of some h € Z[i]. So x = ngh and y = mgh. But
then gh € Z and divides both x and y so must be 1, and thus ¢ is a unit.

Then if x + iy and x — iy had a common prime factor §, we could conclude that § divides both 2z and
24y, and thus divides 2 since 4 is a unit and x and y are coprime. But then 22 would be even, which is a
contradiction. |

So Proposition 1.4.11 implies that there exists some a € Z[i] such that z + iy = pa? for p a unit. Write
a = m—+1in. By swapping some signs and possibly swapping n <+ m or x <> y, we may assume g = 1.
2

Corollary 1.4.13. Every primitive Pythagorean triple (x,y,2) can be written x = m? — n? and y = 2mn
for some m,n € Z, and conversely any m,n € Z not both zero generates a Pythagorean triple.

Proof. Square «. O

1.5. Fermat for p = 3. Now back to Fermat’s last theorem. Again, our general strategy is to factor the
expression zP + yP by adjoining p-power roots of unity. However, it turns out that these sorts of arguments
are only tractable when we have unique factorization in Z[(,], or something slightly weaker.

Exercise 1.5.1. Prove that Z[(3] is a unique factorization domain (hint: try to mimic the case Z[i] as in
Exercise 1.4.10 — the hardest part will be showing the division algorithm, so try to plot the points of Z[(3]
in the complex plane and reason like in the Gaussian integer case).
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Rather than finish the proof of Fermat’s last theorem in this case, we will instead prove a more general result
(Theorem 1.5.4) later on.

In general, Z[(,] will not have unique factorization. In fact, in general it is an open problem whether the
ring of integers Ok in an arbitrary number field K /Q has unique factorization; for example, we don’t even
know whether there are infinitely many K with this property.

Remark 1.5.2. On the other hand, what we will show is that O is a Dedekind domain, which in particular
implies that every nonzero ideal in Ok can be written uniquely as the product of nonzero prime ideals. We
will study the behavior of prime ideals in Dedekind domains in detail, and see the relation to factorizations
of numbers.

This leads to the notion of the class number hy, which is an invariant associated with K which precisely
measures the degree to which unique factorization fails; when hx = 1, Ok is a unique factorization domain,
and when hx > 1 it is not (we will define this precisely later and study it in detail). But even though
hq(c,) > 1 in general (for example, when p = 23 this is already true), to prove Fermat’s last theorem we just
need something weaker:

Definition 1.5.3. A prime number p is regular if p ¢ hae,)-
Later, we will prove the following theorem:
Theorem 1.5.4 (Kummer). If p > 3 is a regular prime, then xP 4+ y? = 2P has no solutions with xyz # 0.

2. NUMBER FIELDS AND ALGEBRA

Now we will talk about number fields in general. In doing so, we will review some basic notions in commu-
tative algebra.

2.1. Galois theory. Let’s first recall a few facts from Galois theory.

Definition 2.1.1. If K/F is an algebraic extension of fields and « € K, then there exists a unique nonzero
monic polynomial p,(z) € Flx] of minimal degree called the minimal polynomial characterized by the
property that p,(«) = 0 and p,, | ¢ for any ¢ € F[z] with ¢(«) = 0.

For instance, the minimal polynomial of v/2 € Q(\/§) is 22 — 2.

Definition 2.1.2. An algebraic extension K/F is separable if p, has distinct roots for all a € K, and
inseparable otherwise.

A standard example of an inseparable extension is the extension F,((t!/?))/F,((t)). Note the minimal
polynomial of t'/? is 27 — ¢, and if you view it as a polynomial in F,((¢'/?)), then it factors as

2 —t=(z —tl/p)p

and so has only one root with multiplicity p. In some sense this is the “only example”, which is made precise
by the following exercise:

Exercise 2.1.3 (Challenging). Show that a field F' admits an inseparable extension if and only if char F' > 0
and the Frobenius map F — F taking = — P is not surjective (hint: think about the derivative of the
minimal polynomial). In particular in characteristic 0 all algebraic extensions are separable.

The primitive element theorem says that a finite separable field extension K/F can always be written in
the form K = F(«a) for some a € K. If the field extension is not separable then one can always write
K = F(aq,...,apy) for some a; (but m can be arbitrarily large, see [BM40]).
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Definition 2.1.4. An algebraic extension K/F is normal if whenever p(x) € F[z] has a root in K, K
contains all of the roots. An algebraic extension is Galois if it is separable and normal. In this case we write
Gal(K/F) := Aut(K/F). If K/F is finite, one always has | Aut(K/F)| < [K : F|] with equality if and only
it K/F is Galois.

If K/F is a Galois extension and K = F(a) for some o € K, then an automorphism of K permutes the
roots of p, and in fact is determined by the permutation.

The typical example of a non-normal (and hence non-Galois) extension of Q is Q(4/2)/Q. In this case note
that Q(+/2) C R, while the other two roots of z® — 2 are the complex numbers (3¢/2 and (3 /2.

So a normal closure of Q(+/2) is a splitting field of 2 — 2, i.e. Q((3, V/2).

Exercise 2.1.5.

(1) Classify all finite extensions of the finite field F,, with p elements. Are there any non-normal or
non-separable finite extensions?

(2) Determine the minimal polynomial of ¢, for all primes p. Show that Q({,) is a normal extension of
Q and determine the Galois group of Q(¢,)/Q. Here (, = ¢>™/P is a primitive pth root of unity.

(3) Find « € C such that Q(v/2,v/3) = Q(«).
Theorem 2.1.6 (Fundamental Theorem of Galois Theory). If K/F is a finite Galois extension with Galois
group G, then there is an inclusion-reversing bijection
{subgroups of G} +—— {intermediate extensions F C E C K}
Hw— K"
Aw(K/E) <+ E

Furthermore H < G is normal if and only if K /F is normal, in which case Gal(K® /F) = G/H.
Exercise 2.1.7. Using the fundamental theorem, list all of the intermediate fields between Q and Q(v/2, v/3).
Exercise 2.1.8. Show that if K/F is a finite extension then there exists a unique (up to isomorphism)
normal closure K of K over F: in other words, a normal extension K/F containing K and no smaller

normal extension of F.

2.2. Different kinds of rings. Now let’s study some classes of integral domains of interest, whose fraction
fields will ultimately be the number fields we are interested in.

Definition 2.2.1. An integral domain A is a Euclidean domain if there exists a function f: A\ {0} — Z>g
such that

o for all a,b € A with b # 0 there exist ¢,r € A such that a = gb+ r and either r = 0 or f(r) < f(b).
As we saw earlier, Z is a Euclidean domain for the absolute value, as well as Z[i] with the norm N.
Exercise 2.2.2. If F is a field, show that F[z] is a Euclidean domain.

As we mentioned before, prime ideals in number rings often behave better than prime numbers in the ring.
For Euclidean domains, things are particularly nice.

Lemma 2.2.3. If A is a Euclidean domain with Euclidean function f and I C A is a nonzero ideal, then
there exists a nonzero d € A such that I = (d).
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Proof. The set f(I\ {0}) has a minimum element by the well-ordering principle, call it f(d). Then if a € I
is nonzero, Definition 2.2.1 implies that there exist ¢, € A such that a = gd + r with f(r) < f(d). Since
a,d € I we also have r € I. But if r # 0 then we get f(d) < f(r) by minimality, which is a contradiction, so
r =0. Thus a = ¢d, so in fact I = (d). O

In view of this, we make the following definition.

Definition 2.2.4. An integral domain is a principal ideal domain (or PID) if every ideal I is of the form
I = (d) for some d € A.

Thus Lemma 2.2.3 says that a Euclidean domain is a PID. As we will see later prime ideals will always have
unique factorization, but for PIDs the situation is nicer.

Exercise 2.2.5. Show that a PID is Noetherian, i.e. satisfies the ascending chain condition.

Proposition 2.2.6. If A is a PID, then every nonzero nonunit a € A can be written uniquely in the form
a = p?l e pzk

up to reordering and scaling by units, where the p; are distinct irreducible elements of A.

Proof. If a is not irreducible, then it can be written ¢ = ajas where a; and as are nonzero nonunits. If
a1 and ag are irreducible, then we are done. Otherwise, without loss of generality a; = ai1a12 where a3
and aj2 are nonzero nonunits. If a cannot be completely factorized, then this process will repeat infinitely,
leading to a chain of proper inclusions

(a) C (al) - (all) C (a111) c---CR

But since A is Noetherian, this process terminates, which is a contradiction. O
Exercise 2.2.7. Finish the proof of Proposition 2.2.6 by showing uniqueness of the decomposition.
In view of this, we make the following definition.

Definition 2.2.8. An integral domain is a wunique factorization domain (UFD) if every nonzero nonunit
a € A can be written uniquely in the form
a = p?l e pz‘k

up to reordering and scaling by units, where the p; are distinct irreducible elements of A.
Exercise 2.2.9.

(1) Show that in a UFD the prime elements are exactly the irreducible elements.

(2) Show that if A is a UFD then A[z] is a UFD. (hint: why is Frac(A4)[z] a UFD? could this be useful?)
In order to fruitfully study algebraic number rings, we will need the notion of integral closure. Algebraic

number theory is really about studying the properties of rings that you get when you solve equations, so it
shouldn’t be too surprising that this definition shows up.

Definition 2.2.10. If A C B are rings and b € B, then we say that b is integral over A if there exists a
monic polynomial p(z) = 2™ + a,—12" " + -+ + a9 € Alz] such that p(b) = 0.

Exercise 2.2.11. Prove that 1/3 is not integral over Z. With proof, decide whether or not (1 + +/17)/2 is
integral over Z. Hint: think about the quadratic formula.

Lemma 2.2.12. If A C B then b € B is integral over A if and only if A[b] is a finitely generated A-module.
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Proof. If b is integral over A then we may write b” + a,,_10" ! + --- + agp = 0. Therefore any polynomial
expression in b over A can be written as an A-linear combination of {1, N }, so A[b] is finitely generated.

Conversely, suppose A[b] is generated by by,..., b, as an A-module. Since every element of A[b] can be
written as a polynomial in b, we may write b; = p;(b) for some p; € Alz]. If n = max deg p;, then

0=p"t! — a1p1(b) +-- anpn(b)

for some a; € A and therefore b solves a monic polynomial expression with A-coefficients. O

Exercise 2.2.13.
(1) Use Lemma 2.2.12 to show that the subset
A= {be B:bis integral over A} C B

is actually a subring of B containing A (hint: first use Lemma 2.2.12 to prove that b € B is integral
over A if and only if A[b] C A’ C B for some finitely generated A-module A’).

(2) Extend Lemma 2.2.12 to show that by,...,b, are integral over A if and only if A[by,...,b,] is a
finitely generated A-module.

Remark 2.2.14. For those who are geometrically minded, taking integral closure is the algebraic analog of
taking the normalization of a scheme.
Definition 2.2.15. Fix A C B.

e We call A the integral closure of A in B.

e If A= A then we say that A is integrally closed in B.

e If A is an integral domain, then we say that A is integrally closed if it is integrally closed in Frac(A),
its field of fractions.

e If A= B then we say that B is integral over A.

Exercise 2.2.16.

(1) If AC B C C, B is integral over A and C is integral over B, then show that C is integral over A.
(2) For A C B show that A is integrally closed in B.
(3) Show that Z is integrally closed.
(4)

4) Now show that any UFD is integrally closed.

2.3. Number fields. Finally, we come to the main definition of the course.

Definition 2.3.1. A finite extension F/Q is called a number field. Its degree is [F' : Q] = dimg F. The
integral closure of Z in F, which we denote by Op, is called the ring of integers of F'. Equivalently,

Op ={c€ F : p(c) = 0 for some monic p € Z[x]}

An algebraic number is an element of a number field and an algebraic integer is an element of the ring of
integers of a number field. Clearly an algebraic number is an algebraic integer if and only if it solves a monic
polynomial in Z[z].

Example 2.3.2. You might imagine that algebraic numbers are algebraic integers if they “don’t have de-
nominators”, but as the following example (generalizing Exercise 2.2.11) shows, it’s not that straightforward.
If d is an integer, then v/—d is an algebraic number. But what about

_ —1kV=d,
_f.

(07
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Check that

d+1
aQZ—Q—L.

4
So if d = 3 mod 4 then a solves a monic polynomial with coefficients in Z. On the other hand, if d # 3

mod 4 then our usual intuition wins out, and as we will see, OQ(\/jd) = {a +bv—d:a,be Z}.

Remark 2.3.3. If F is a number field, one can always write Q(«) and then 1, ;... ,alf Q-1 g 4 basis for
F over Q. However as Example 2.3.2 above shows, it is not necessarily the case that Op = Z[a]. In fact, it
is not even always true that Op = Z[f] for any single 5! More on this in a bit.

Exercise 2.3.4. Write down (with proof) an element of Q(1/3) \ Oo(va)-

Exercise 2.3.5. Show that if « is an algebraic number, then there exists m € Zg such that ma is an
algebraic integer.

Here is a way to go between different number fields. Let K/F be an extension of number fields.

Definition 2.3.6. For o € K the map m, : K — K given by multiplication by « is an F-linear map. In
view of this we define the norm and trace by taking

NK/FZK%F

a > det(my : K — K)
tI‘K/FZK—>F

a tr(mg : K — K)

Exercise 2.3.7. Show that trg p : K — F'is an F-linear map, and show that Ny p : K* — F* is a group
homomorphism.

Proposition 2.3.8. Assume K/F is Galois. For o € K the characteristic polynomial of my, splits as
fal@)= I @-ole)
oc€Gal(K/F)

In particular,

tr/p(a) = > o(e) and Ngp(a) = o(a).
c€Gal(K/F) c€Gal(K/F)

Proof. First we show that f,(z) = pa(2)? where p, denotes the minimal polynomial and d = [K : F(a)].
For this, let m = [F(«) : F]. Then we may write

pa(x> =z"+ Cm—ll'm_1 +---+co

for some ¢; € F. Note that 1,q,...,a™ ! is a basis for F'(a) over F, so if we fix a basis 31, ..., 84 of K over
F(a) then
B1, Bicy, . .. »ﬂlam71§ o Baa ., 5dam71

is a basis for K/F. the matrix for the map m, : K — K is, with respect to this basis is

M
M
(taken d times) where
0 1 0
0 0 1 0
M = e
0 0 0 1
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and one can check that the characteristic polynomial of M is exactly p,. Therefore, fu(7) = pa(z)9.

If 0 € Gal(K/F) and 7 € Gal(K/F(«)) then o7(a) = o(a). If 01,...,0., denote left coset representatives
of Gal(K/F(«)) in Gal(K/F), then

and so
[I @-c)=]] 1T (@ —air(@) = [[(@ = 0i()* = pa(2)® = fa(2).
ocGal(K/F) i=1r€Gal(K/F(a)) i=1
The claims about the norm and trace follow. O

Exercise 2.3.9.

(1) Using the normal closure (c.f. Exercise 2.1.8) try to remove the assumption that K/F is Galois from
Proposition 2.3.8 (hint: you need to replace Gal(K/F') with the set of field embeddings F' — C.
how do these embeddings relate to the normal closure?).

(2) Show that if L/K/F is a tower of number fields, then trg /potry/x = trp/p and Ng,p o Np/jx =
Npyr). You can assume part (1) of the exercise.

Corollary 2.3.10. If K/F s a finite Galois extension of number fields then trg,p(Ox) C Ofp and
Nk/r(Ok) C Op.

Proof. Note that Ok is the integral closure of O in K. So if & € Ok then « is integral over Op. But then
for all o € Gal(K/F), the element o(«a) is again integral. To see this, note that if « is a root of the monic
polynomial p(z) € F[z], then o(«) is as well because o is a ring homomorphism. So

trg/r(a) = Z o(a) and Nk p = H o(a)
oceGal(K/F) oceGal(K/F)

are also integral over Op. But they are elements of F' and Op is integrally closed (since it is defined as an
integral closure), so they live in Op. O

2.4. Integral bases. Let us return to the discussion of giving a description of Op.

Definition 2.4.1. If K is a number field of degree n = [K : Q], and M is a finitely generated O g-submodule
of K, then an integral basis of M is a tuple aq,...,a, € M such that every o € M can be written uniquely
as

a=ai1+ -+ apapy
for a; € Z.

In particular, such an M admits an integral basis if and only if it is a free abelian group of rank n = [K :

Ql.

On the road to proving existence of integral bases, we first encounter the discriminant.

Definition 2.4.2. If K/F is a Galois extension of number fields and ag, ..., a, is a basis of K over F, then
the discriminant of the basis is

dyp(on,. .., an) = det((oi(e))iz)*
where o; runs through the elements of Gal(K/F).

Remark 2.4.3. As you will show in Exercise 2.4.13, the discriminant of a basis is closely related to the
discriminant of a polynomial.
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Exercise 2.4.4. Show that
d(ah e ,Oln) = det((trK/p(aiaj))iyj)
(hint: use Proposition 2.3.8). Conclude that if aq,...,a, € Ok then d(aq,...,a,) € OF.

In view of Exercise 2.4.4, we can extend the definition of the discriminant to any extension K/F of number
fields, not necessarily Galois.

Fact 2.4.5. d(aq,...,ay) #0.

Proof. Omitted: the idea is to show that the pairing (x,y) + trg/p(2y) is a nondegenerate bilinear pairing.
|

Lemma 2.4.6. If aq,...,ay is a basis for K/F which is contained in O, then
dOkg C Opa; + -+ -+ Opay, C O
with d = d(aq,...,an).

Proof. If a € Ok then we may write o = a1 + - - - + apa, for a; € F. We want to show that da; € Op for
all 7. Note

(tre/poia))] = (trgyp(aiay))iy x (a;)]
But now note that try r(a;a) € Op and d # 0, so each a; is the quotient of an element of Op by d, and
thus da; € Op. O

Corollary 2.4.7. Ok admits an integral basis, and furthermore every nonzero finitely generated Ok -
submodule of K admits an integral basis.

Proof. Let M # 0 denote the submodule in the statement with generators fi,...,5, € M. Using Exer-
cise 2.3.5 pick a € Z such that af; € Ok, so that aM C Og. Also using Exercise 2.3.5 we can also pick a
basis ay,...,a, € Ok of K/Q so by Lemma 2.4.6 we have (with d = dg/p (o))

adM C dOg C Zaoy + -+ - + Zaw,.

The right hand side is a finitely generated abelian group, so since Z is Noetherian we see that adM and
dOg, and hence M and Ok, are finitely generated abelian groups. But since they all are contained in the
field K they are Z-torsion-free, so the structure theorem for finitely generated abelian groups implies that
they are free. Since Ox ®7z Q = K we see that rank O = n. We know that

rank M = rankadM <rankOg =n

so it remains to show that rank M > n. But for this, note that M is a finitely generated free abelian group,
so M ®yz Q is a nonzero Q-vector space of dimension rank M. But M is also an Og-module, so M ®z Q is
a nonzero K-vector space. Therefore,

rank M = dimg(M ®z Q) > dimg K = n.
O

Exercise 2.4.8. For any number field K, use Exercise 2.3.5 and Corollary 2.4.7 to construct a ring isomor-
phism O ®z Q = K.

Remark 2.4.9. If we consider an extension K/F of number fields instead of K/Q, then Corollary 2.4.7 is
still true (with the same proof) if O is a PID; in this case, we can replace the use of the structure theorem
for f.g. abelian groups with the structure theorem for f.g. modules over a PID.

Definition 2.4.10. The discriminant of K/Q, denoted df, is the discriminant of an integral basis.

Exercise 2.4.11. Show that the discriminant is well-defined: in other words, show that it is independent
of the choice of integral basis.
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The proof of Corollary 2.4.7 doesn’t give much of an idea of how to actually compute an integral basis, and in
general this is not a straightforward problem. But it’s easy to come up with bases of K/Q, so one plausible
approach is to pick such a basis «aq, ..., a, and try to massage it into an integral basis of O over Z.

The first step, as in the previous proof, is to scale things so that aq,...,a, € Og. At that point, what
can we say about the resulting basis? The only thing we know how to compute is the discriminant d. But
how much information can the discriminant tell us about the basis? Note that the basis generates a finitely
generated Z-module a = Zay + - -+ + Za, C Ok. Suppose further that a is in fact an Ox-module. Then
since O /a is finite, we can speak about its index [O : a] := |Ok/al.

Lemma 2.4.12. If ay,...,a, € Ok is a basis for K/Q and a = Zay + -+ - + Zay, is an Og-module, then

dlag,...,an) =[Ok : a]ZdK
So for example, if one computes that d(a;, ..., q,) is squarefree, then it implies that aq, ..., a;, is an integral

basis. On the other hand, as the following guided exercise shows, this isn’t necessarily a necessary condition,
only sufficient.

Exercise 2.4.13. Fix D a squarefree integer (i.e. if p is prime and p | D then p? { D). Show that

d B D ifD=1 mod4
VD) T14D ifD=23 mod4’

and find an integral basis for Oy /) (hint: think about Example 2.3.2).

3. DEDEKIND DOMAINS

3.1. Failure of unique factorization. Now let’s talk about unique factorization again.

Let’s first record a specific instance of the general problem. Consider the field K = Q(1/—5). By Exer-
cise 2.4.13 we know that O = Z + Z~/—5. Now note that 21 = 3 x 7, but also

21 =14+20=1%— (=202 =12 — (2(=5))? = (1 + 2v=5)(1 — 2/=5).

So we have two decompositions of 21. Are they distinct irreducible elements?

Lemma 3.1.1. 3 s irreducible in OQ(\/TS).

Proof. Suppose 3 = af with o and 8 non-units. Then
9 = Nk/o(3) = Nk /g(a)Nkjo(B).

But since a, 3 are not units, neither are Ng,g(a) and Ng/g(8), so Nk g(a) = £3. Write a = x 4 yv/—5
with x,y € Z. Then we have

z? 4+ 5y% = 43

which is a contradiction. O

Exercise 3.1.2. Via the same method as in Lemma 3.1.1, show that 7 and 1 £ 2y/—5 are irreducible in
Og(y=5) as well.

Finally, note that

1+2/-5 1+2y-5
and
3 7
are both not in O@( J/=5)» SO these factorizations violate uniqueness.
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3.2. The definition. Now back to commutative algebra, so that we can “fix” the problem.

Definition 3.2.1. If R is a ring, the Krull dimension dim R € Z>o U {oo} is the length of the longest chain
of prime ideals p; C -+ C pg.

For instance, a field has Krull dimension 0, since the only prime ideal is (0). The ring Z has Krull dimension
1. To see this note (p) is maximal (since Z/p is a field) and if I C (p) is nonzero and prime then I = (g) for
some prime number ¢, but then p | ¢ so p = gq.

Exercise 3.2.2.

e If Ry,..., Ry is afinite collection of rings, then show that dim Ry x- - -x Ry = max {dim Ry, --- ,dim Ry}
(hint: think about the structure of prime ideals in the product).

e A field has Krull dimension 0. Conversely show that an Noetherian integral domain of Krull dimen-
sion 0 is a field.

e Optional (harder): can you characterize Noetherian reduced rings of Krull dimension 07 (hint: take
for granted that a Noetherian ring of Krull dimension 0 is Artinian)

e Show that a PID which is not a field has Krull dimension 1 (hint: this is equivalent to showing that
every nonzero prime ideal is maximal).

So what are the basic properties of Ok ? The basic statement is as follows.

Theorem 3.2.3. Ok is a Noetherian and integrally closed domain of Krull dimension 1.

Proof. To show that Ok is Noetherian we need to show that every ideal I C Ok is a finitely generated
Og-module. But I is a Z-submodule of Ok, and Ok is finitely generated over Z by Corollary 2.4.7, so I is
finitely generated over Z since Z is Noetherian, so it’s finitely generated over Og. It is integrally closed by
Exercise 2.2.16(2), so it remains to show that every nonzero prime ideal is maximal.

First of all note that if ¢ C Ok is a prime ideal, then p = qN Z is a prime ideal in Z. If ¢ = 0 then p = 0,
but what about if p # 0?7 Then pick a nonzero y € p. Since y € Ok there exists p € Z[z] such that

py) =y" +anay" "+ +ag =0

with ag # 0. It follows that ag € qNZ = p, so p # 0 hence p = (p) for some prime number p. Then the map
Z — Ok induces a map

F, =2Z/pZ — Ok /q
and since Ok is a finitely generated Z-module it follows that O /q is a finite-dimensional F,-vector space
and is thus finite. But Ok /q is also an integral domain.

Exercise 3.2.4. Show that a finite integral domain is a field.

Applying the exercise, we see that Ok /q is actually a field, so ¢ must be maximal. ]

Definition 3.2.5. An integral domain is a Dedekind domain if it is Noetherian, integrally closed, and has
Krull dimension < 1.

So as we saw above, even though Z[+/—5] is not a PID, it is still a Dedekind domain.

Exercise 3.2.6. Show that every PID is a Dedekind domain (hint: put together earlier exercises).
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3.3. Unique factorization in Dedekind domains. Let O be an arbitrary Dedekind domain, not neces-
sarily the ring of integers of a number field. Let K = Frac(O). First, a technical lemma.

Lemma 3.3.1. FEvery nonzero ideal I C O contains py - - - Py, for some nonzero prime ideals p;.

Proof. Say X denotes the set of nonzero ideals which don’t contain the product of primes. If X is nonempty,
then since O is Noetherian we must have that X contains a maximal element I under inclusion. Note I itself
can’t be prime, so there exist z,y € O such that xy € I but 2,y € I. So then if we let I, = I + (z) and
I, = I+ (y), it follows that I C I,,I, so I, I, ¢ X and hence both contain the product of prime ideals.
But note I, I, C I and thus I contains the product of prime ideals, a contradiction. O

We're going to develop some theory that will let us upgrade the inclusion to an equality. But first we will
give a name to some objects we have seen before.

Definition 3.3.2. A fractional ideal of O is a finitely generated O-submodule of K.

In particular, any ideal is a fractional ideal, but in general there are more things appearing: the point is that
generators of a fractional ideal might be elements of K \ O. For instance, if you pick 1/z € K \ O then 10O
is a fractional ideal.

Exercise 3.3.3.

(1) Show that an O-submodule a C K is a fractional ideal if and only if there exists a nonzero r € O
such that ra C O (hint: pick a generating set first).

(2) Show that the sum and product of two fractional ideals is again a fractional ideal.
Definition 3.3.4. A principal fractional ideal is a fractional ideal of the form xO for some = € K.

In this way, fractional ideals encompass the notion of “an element of K”, or “a fraction of elements in O
But since there are examples of Dedekind domains which are not UFDs (and in particular, not PIDs either),
there are non-principal fractional ideals, which means that this is a strict generalization of the notion of
an element. Still, it would be nice if they behave like elements, so we’ll show now that this is in fact the
case.

For instance, you can always divide by a nonzero number in K, so we’d like to be able to “divide” fractional

ideals by each other.

Definition 3.3.5. If a,b C K are two fractional ideals with b # 0, their generalized ideal quotient is
(a:b)={z e K:zbCa}.

Note that (a: O) ={z € K : 20 C a} = a.
Lemma 3.3.6. (a:b) is a fractional ideal.

Proof. Note first that if ,y € (a: b) then (z+y)b=2b+ybCa+a=aandif r € O then rab C ra C qa,
so x +y,rz € a This shows that (a:b) C K is an O-submodule.

It remains to show that (a : b) is finitely generated. For this, first suppose a, b are actually ideals in O. If
b € b is nonzero, then b(a : b) C a C O and we apply Exercise 3.3.3(1). By the same exercise there exist
nonzero a,b € O such that aa,bb C O, so we may apply the previous case noting that

(a:b) = (aba : abb).

The next exercise is a sanity check of this definition.
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Exercise 3.3.7. Show that if z,y € K with y # 0 then (zO : yO) = %C’) This shows that the map

K — {fractional ideals of O} sending = +— zO preserves division. Does it preserve multiplication? What
about addition?

Definition 3.3.8. If a is a nonzero fractional ideal we let

al=(0:a)={z€K:raCO}.

Lemma 3.3.9. Ifp C O is a nonzero prime ideal, then there exists z € K \ O such that
zp C O.
In particular, p~1 # O.

Proof. Fix x € p nonzero. By Lemma 3.3.1 we may pick the smallest r such that (z) D py---p, (for p;
nonzero). Since p D py - -+ p, we conclude that p D p; (up to reordering), but p; is maximal so p = p;.

By assumption ps---p,. ¢ (), so there exists some y € ps---p, such that y & (x), so z := y/z ¢ O. But
yp=yp1 Cp1---pr C (z)soy/ap C O. So z=y/x cp~ L. O

Corollary 3.3.10. We have pp~—* = O.

Proof. Note that 1 € p~!, so
pCpptcO

Therefore pp~—' is an ideal in @ but since p is maximal we must either have p = pp~! or pp~! = O.

So suppose p = pp~! and by Lemma 3.3.9 we can pick z € p~*\ O. But zp C p and since p is finitely
generated over O by, say, aq,...,Gm,, we may write

za; = E cijaj
J
for some ¢;; € O. Rearranging, we may write
> (26 —cij)a; =0
J

But this means that the matrix A = zid,, —(c;;)i; kills the nonzero vector (aq,- - , a,,)7 and thus det(A4) = 0.
But that means that z is a root of the monic polynomial

f(X) = det(X id,, —Cij) S O[X}

and thus z € O since O is integrally closed, a contradiction. O

Theorem 3.3.11. If I C O is a nonzero proper ideal then I admits a factorization

[:pl...pr

into nonzero prime ideals p; which is unique up to reordering.

Proof. We proceed as in the proof of Lemma 3.3.1. Let X denote the set of ideals in O which cannot be
written as a product of primes (i.e. do not satisfy the statement of the Theorem). If X is non-empty, then
X has a maximal element I since O is Noetherian. By Zorn’s lemma I C p for some maximal ideal p C O.
Note p is prime so I # p. This in fact implies that p~*I C p~'p = O. Therefore, p~'I is a proper ideal of
O containing I, which means that p~!'I ¢ X by maximality. But that implies that

p i =pi---p,

for some maximal ideals p;, and thus

IT=p(p~'I)=pp1--pr,

a contradiction. Thus we get existence.
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Now suppose p1---p, =q1---qs. Then
P1O4d1-Gr
so up to reordering, p; D ;. But since q; is maximal, p; = q;. By multiplying both sides by pl_l we get
p2...p7‘ :q2...qr
so if we repeat this we will eventually see that r = s and p; = q; (after reordering). (|

Remark 3.3.12. The omission of (0) and (1) is a bit artificial; if we remove the assumption that the prime
ideals p; be nonzero, then (0) satisfies the existence part of the theorem, but not the uniqueness part for
dumb reasons. Similarly, [, i = (1) by convention.

Exercise 3.3.13. Theorem 3.3.11 in particular applies when O = Z to give unique factorization of integers
into prime numbers (up to a £1 ambiguity). Rewrite this proof for O = Z without using the word “ideal”
and without referencing any ideals. Does this work for any PID?

Remember the properties satisfied by the integers given in Exercise 1.3.17 Noetherianity replaced the well-
ordering principle. We have uniqueness of factorization. In fact, we also have a ged! In particular if we

write ., .
I=]]py and J=]]py
i=1 1=1

with v, > 0, then ged(1,J) := [T pmin(viwd) s the ged of I and J, where we say that a | bif a O b.

i=1Pi
Exercise 3.3.14.

(1) Show that ged(I, J) = I+ J. Find a similar description of the least common multiple and show that
lem(Z,J)=1INJ.

(2) Formulate and prove a “separating powers” principle for ideals in a Dedekind domain.

Exercise 3.3.15. Show that any fractional ideal can be written uniquely in the form
pl o p’l” - -
a=—" 1:P1"'PT(Q1) 1"'(¢|s) 1
qi---qs

up to reordering, where p; # q; for all ¢ and j.
Lemma 3.3.16. The set of fractional ideals Jx is an abelian group under multiplication.

Proof. Associativity is clear from the definition. The ideal Ok is a multiplicative unit. We showed the
existence of inverses of nonzero prime ideals in Corollary 3.3.10, and for general fractional ideals use Exer-
cise 3.3.15 to reduce to this case. O

In view of Exercise 3.3.15, we see that any fractional ideal a can be written uniquely as
Ir e
p maximal
where vy, = 0 for all but finitely many p. In summary, what we have shown is that Jg is the free abelian
group on the set of maximal ideals of O. This gives rise to an exact sequence

1 OF sy KX 220K 10 Clge — 0.

Note the image of K* — Jk is exactly the subgroup of principal fractional ideals Px < Jg, and Clg =
Ji / Pk by definition.

Definition 3.3.17. The class group of K is Clg.

Note at this point that we only assumed that O was an arbitrary Dedekind domain with fraction field K.
But:
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Theorem 3.3.18. If K is a number field and O 1is its ring of integers, then Cli is finite.
Definition 3.3.19. The class number of K is hx = | Clg |.

We will prove this later, after discussing Minkowski’s theorem.

Here we note an important point: if Clg = 0 then Jx = Pk, and therefore every fractional ideal is a
principal fractional ideal. In particular, O is a PID. Conversely if O is a PID, then in fact every fractional
ideal is principal, so Clx = 0. Note finally that a Dedekind domain is a PID if and only if it is a UFD
(this is an exercise), so the class group can be thought of as a group measuring the “failure of unique
factorization”.

Exercise 3.3.20. Show that if p is a prime number then p t hg if and only if every fractional ideal a
satisfying a? € Pk is principal.

The previous exercise can be used to show Fermat’s Last Theorem for regular primes, as defined earlier in
Definition 1.5.3.

Remark 3.3.21. It is not in general true that class groups are finite. A famous theorem of Claborn in
[Cla66] states that every abelian group can be realized as the class group of some Dedekind domain. For
example, one can show that C[X, v/ X3 — X] is a Dedekind domain with class group isomorphic to the 2-torus
C/(Z + Zi).

For the more geometrically inclined, this is related to the fact that the ideal class group of a Dedekind
domain A is the Picard group of Spec A. In the above example, Spec A is the elliptic curve y? = 23 — x over
C minus the point oo, and the Picard group of an elliptic curve is Z times its C-points.

On the other hand, it is not known whether every finite abelian group arises as the class group of a finite
extension of Q.
4. FINITENESS OF THE CLASS GROUP

In this section let K be a number field with ring of integers Ox. We wish to prove Theorem 3.3.18, which
says that Clg is finite. For this, we will use Minkowski theory, which concerns the study of lattices and
volumes in Euclidean space. In addition, Minkowski theory will give us actual computational tools that we
can then use to compute hg in certain cases.

To begin, we first extend the analogy between numbers and fractional ideals further.

4.1. Norms of ideals.

Definition 4.1.1. If I C Ok is a nonzero ideal, then we let
N(I)=[0Ok : 1] :=|0Ok/I| €Z

which we call the absolute norm of I.

Exercise 4.1.2. Show that this is well-defined; in other words, show that O /I is finite (hint: we already
showed this when I is a prime ideal).

To justify this generalization of norm to the ideal setting, we note:

Lemma 4.1.3. If a € Ok then N((a)) = Ng/g(a).

Proof. Pick an integral basis w1, ...,w, for Ok. Then if we act by « on this integral basis we get a basis
Wy, . .., awy, of (a). By definition Ng/g(«) is the determinant of the change of basis matrix between these
two bases (viewed as Q-bases of K). But the determinant of a change of basis matrix exactly measures the
ratio of the volumes of the fundamental domains of the Z-lattices spanned by the bases — this is a standard
fact about determinants which we will not prove. But the ratio of volumes of the fundamental domain is
exactly the number of points of Ok in a fundamental domain of («): in other words |Ok /(«)]. O
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Moreover, this norm plays well with multiplication.

Lemma 4.1.4. If I = p7™ ---pl"r, then
N(I) = N(p1)™ - N(pr)™"

Proof. The Chinese remainder theorem gives
Ok /I =0k /p{" & - ® Ok [p]"
from which it follows that
N(I) = N(py™)--- N(p;™)
so now we need to show that if p C O is prime then N(p™) = N(p)™. But note
0K /p™| = |Ox /p] x [p/p?| - < [p™ =" /p™|
Here p/p? is the quotient of the two Ox-modules.

Exercise 4.1.5. Note k, := O /p is a field (we're in a Dedekind domain so p is maximal). For ¢ > 0 find
a canonical ky-vector space structure on p®/p*! and show that it has dimension 1.

Therefore [p®/p®*t| = |Ok /p| and so we're done. O

Corollary 4.1.6. The absolute norm extends to a group homomorphism

N :Jg — Q%
Proof. For p C O a nonzero ideal define N(p~1) = N(p)~! and extend multiplicatively. O

Exercise 4.1.7. Why did we call N the absolute norm? Absoluteness refers to the fact that we are going
down from K to Q, in the sense of Lemma 4.1.3. On the other hand, suppose you have an extension of
number fields K/F. Then can you think of a way to define an analogous “relative norm”

Ng/p:Jdxk = Jr 7
Since Z is a PID we have an isomorphism ¢ : Jg = Q*/{£1} = QZ,. This follows from the exact sequence
152" ={x1} - Q" > Jg—Clg=1—1
so check that your definition satisfies p o N/ = N.

4.2. General strategy. How can we use the norm to prove the finiteness of the class group? Let’s try the
simplest case. How do we show that the class group of Q is finite? Of course we know that hg = 1 since Z
is a PID, but let’s reason via a different method.

The class group Clg —» QZ,/ ~ consists of equivalence classes of fractions (in fact there’s only one equivalence
class but ignore this for now). For any C' > 0 we know that the set

{a € Zso: N(a) =la| < C}

is finite. In other words, if you put a bound on the norm then you only get finitely many numbers. Therefore,
if you pick C such that every equivalence class in Clg contains an a € Z~¢ with N(a) < C, then you’re done
because there are only finitely many such a. Furthermore, if C' is very small then you get a bound on the
number of possible equivalence classes: in this case if 1 < C' < 2 then the set above is a singleton.

Of course this is all a bit contrived because we know there’s only one equivalence class in Clg, but the point

is that this strategy works in general.

Proposition 4.2.1. If C > 0 then
{ICOkg:N(I)<C}

is finite.
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Proof. First note that if p is a nonzero prime such that p NZ = (p) then N(p) = |O/p| = p/ for some f > 1,
because O/p is a finite dimensional F,-vector space. But note that the condition p NZ = (p) is equivalent
to p | (p), i.e. p appears in the factorization of (p) into prime ideals. Since this factorization is finite, there
are only finitely many p such that p N Z = (p), and so

{p C Ok prime : N(p) < C}
is bounded for any C' > 0.
Now if we write I = p; ---p, then
N(I) = N(p1)---N(pn)
so if we require N(I) < C' then clearly there are only finitely many ways to do this. ]

So now it remains to find a constant C' such that every equivalence class in Clg contains an ideal I C Og
such that N(I) < C. Minkowski theory will show us that we can take

o~ 2) vam

where dg is the discriminant, as before, and s denotes the number of conjugate pairs of mappings K <

C.

4.3. Minkowski theory.

Lemma 4.3.1. If K/Q is a number field of degree n = [K : Q|, then there are exactly n distinct embeddings
K — C.

Proof. By the primitive element theorem, there exists « such that K = Q(«), where « is the root of the
minimal polynomial p,, of degree n. Since any homomorphism of characteristic zero fields preserves the prime
field Q, an embedding 7 : K < C is determined by where it sends «. But C contains all of the (distinct)
roots of p, (each of which is algebraically indistinguishable), so there are precisely n choices of where « can
go, all valid. |

Furthermore, note that if 7 : K < C is an embedding, then K = C 5 C is also an embedding; here ¢
denotes the complex conjugation automorphism of C.

Definition 4.3.2. If 7 : K < C is an embedding of K into C then we say that 7 is real if its image is
contained in R, and complex otherwise. In other words, 7 is real if and only if 7 = co7. We denote by r or r;
the number of real embeddings of K, and by s or ry the number of complex conjugate pairs of embeddings.

Son=ry+2ry =r+2s.

Exercise 4.3.3. Show that there exists a canonical isomorphism
KegC> [ C
T:K—C

such that the map K — K ®g C — [],.x,c C sends a to (7(a))r:x—c (hint: you know that K = Q(«) for
some « € K, how does this help?).

From now on we write K¢ := K ®g C, which is an n-dimensional C-vector space. As such, it admits a
natural inner product. Writing « = (2;),.x—c, we have

<:ZJ, y> = Z TrYr,

which is C-linear in = and y and satisfies (z,y) = (y, z) and (z,z) > 0 for x # 0.
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So right now we have a complex vector space which is defined naturally via K. But ultimately we want to
do Euclidean geometry, so we first descend to the real numbers. There is a natural map

F: K(C :—> K(c

(xT) = (T?)T:KC—)C

given by complex conjugation.
Example 4.3.4. So for example, if K = Q(¢) then K¢ = C x C and F(x,y) = (g,Z). On the other hand if
K = Q(v/2) then K¢ = C x C again but F(x,y) = (7, 7).
Exercise 4.3.5.

e Check that (Fx, Fy) = (x,y).

e Note that F' can alternatively be described as the map K ®¢qC 480, ®g C taking a®c— a®e.

In other words, it is induced by the unique nontrivial element of Gal(C/R).

In view of Exercise 4.3.5 we define

Kr =K =K{=' ={r € Kc:Fr=ua}.
Lemma 4.3.6. Ky s an n-dimensional R-vector space.

Proof. If p1, ..., p, are the real embeddings and 01,07, ...,0s,0, are the complex conjugate pairs of embed-
dings, then we can label the C appearing in K¢ as

Ke = [ € % T[(Co % )
=1 =1

and F acts by complex conjugation on each C,, separately, and acts on each (C,, x Cz;) by complex
conjugation and swapping. Now if x € K¢ satisfies F'(z) = x then z,, = T,, for all i and z,, = x5 for all
i. This means that z,, € R and z5; is completely determined by z,,, which is a free choice in C, which has
real dimension 2. (]

Remark 4.3.7. Kp can alternatively be described as K ®g R.

Thus we get an isomorphism

Ke ™ [ R
7:K—C
(xT)T:KH(C — (ZT)T:KH(C

where 2z, = x, for 7 real and 2z, = Re(z,) and 27 = Im(z,) for 7 complex.

Exercise 4.3.8. Show that if z,y € Ky then

(z,y) = (x,y)
and so we get a map (—, —) : Kg x Kgp — R.

Lemma 4.3.9. The scalar product {(—,—) : Kr X Kg — R induces a scalar product on R™ under the above
isomorphism, and is computed as
[IRx][rR =R

r
(@,9) = > Vrarys

i=1
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where

1 7 is real
Yr = . .
2 T is complex

Proof. If T is real then z,,y, € R, so 7, = x,2,. If 7 is complex then write z, = a,+b,% and y, = ¢, +d i.
Then
T:Yr + 2707 = .Y + Tryr = 2Re(z,77) = 2(arcr + brd;).
O

This scalar product on R™ gives rise to a metric and makes K into a metric space, which then gives rise to
a measure on R™, which differs from the usual Lebesgue measure (induced by the standard inner product)
as follows: if X is a measurable subset of R™ then

VO](X) =2 VOlLebesgue (X)

Exercise 4.3.10. Show that if @ € K then the map K — K¢ taking o — (7(«)), actually lands in Kg
(hint: this is basically an exercise in unraveling the definitions. alternatively you can solve the exercises
about tensor products first, and then this is immediate).

So we denote j : K — Kg.

Proposition 4.3.11. Suppose I C Ok is a nonzero ideal. Then its image in Kg (which is a complete
lattice) has fundamental domain Dy with volume \/|dk|N(I).

Proof. Fix a Z-basis a1,...,a, of [ and let ' = Zj(ay1) + - - - + Zj(,) C Kg. This forms a complete lattice.
Fix an ordering 7y, ..., 7, of the embeddings K — C and let A = (74(;));¢. By Lemma 2.4.12,
det(A)? = d(au,...,a,) =[Ok : I2dk.

We are interested in computing

vol(Dy) = \/| det((j(c), j(cw)))ir]
But

(o), i (ow)))ig = (Z o) TFo(on))in = AR
=1
where A = (7¢(c))ie. Therefore

vol(Dy) = | det(A)| = /|dx|[Ox : 1] = /]dx|N(I

O

Recall that wanted to show that for any ideal class in Cli there exists a representative I C Ok such that
N(I) < (2/m)*/|dk]|-

First pick an arbitrary fractional ideal a in the class. Then there exists v € O such that [ :=ya~! C O.
Now if we can show that there exists a nonzero element x € I such that

N(I™h) < (2/m)"V/|dx]
then we would be done because then zI~! = 2vy~ta C Ok is in the same fractional ideal class as a, and is
bounded by (2/7)%\/|dk|. So we prove this:
Proposition 4.3.12. In every nonzero ideal I C Ok, there exists some x € I such that

[Nk /o) ( ) VI]dk|N(I)

First we sketch a proof of an auxiliary lemma:
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Lemma 4.3.13. If ¢, > 0 are real numbers such that c. = ¢+ such that

[Ier > @/m)°VideIN(D)

T

then there exists some nonzero x € I such that |7(x)| < ¢, for all T7: K — C.

Proof sketch. Define X = {(z;) € Kr : |2;| < ¢;}. This is convex and centrally symmetric (i.e. if x € X
then —z € X). One can compute that

vol(X) > 2" vol(Dy)
and thus Minkowski’s lattice point theorem (stated below in Theorem 4.3.15) says that X contains a nonzero
lattice point. O

Exercise 4.3.14. Fill in the “one can compute that” in the above exercise: in other words, show that
vol({(z;) € Kr : |2-| < ¢ }) > 2" vol(Dy)

(hint: use Proposition 4.3.11, and remember that volume is computed with respect to the scalar product on
Kg, so compute the image in []_R).

Proof of Proposition 4.3.12. Choose c, so that [[_c, = (2/7)°%\/|dx|N(I) + € for some € > 0. Then by the
Lemma we can find = € I such that

INijo(@)| = [ [ Ir(@)] < (2/m)*\/ldxIN(I) + ¢
but since € > 0 is arbitrary and [Ng /()| € Z>o, we must have some nonzero = € I such that

[Nicjo(@)] < (2/m)°V/|dw [N (I).

So finally we conclude that Clg is finite!

For the sake of completeness, we state Minkowski’s lattice point theorem.

Theorem 4.3.15 (Minkowski). Fiz L C R™ is a lattice and Dy, is a fundamental domain, and suppose
X C R™ is a convex subset satisfying the property that v € X <= —x € X (we say X is centrally
symmetric). Then if vol(X) > 2" vol(Dy,), it follows that X contains a nonzero point in L.

4.4. Examples. We have used Minkowski’s Lattice Point Theorem to show that for any K, there exists a
constant C = (2/m)°+/|dk| such that any ideal class contains an ideal with norm bounded by Ck.

Let’s use this to compute a class number!

Example 4.4.1. Let’s do what is possibly the simplest case. Counsider the field K = Q(4). There is one
conjugate pair of complex embeddings so s = 1. Recall from Exercise 2.4.13 that since —1 = 3 mod 4 we
have dg = —4. So in this case

4

Cx=—<2.

T
So every class in Clg contains a representative with norm N(I) < 2. But N(I) € Z so N(I) = 1. But then
1=N()=[0g :I] so I =Og. Thus Ok is the only ideal of norm one, and therefore hx = 1.

Of course you might object that we already knew that Z[i] is a PID, but this gives another proof.

Exercise 4.4.2. Find every quadratic field K/Q (i.e. a field of the form K = Q(v/D) with D € Z squarefree)
satisfying C'x < 2. Conclude that hx =1 in these cases.

Before doing some other examples, let’s pause here to note that our bound Ck is not actually optimal, so
to do any more simple examples, we need something better. We won’t actually prove the better bound, but
we give a rough idea of how one can obtain it.
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Definition 4.4.3. If C' € R is a number such that every class in Clg contains an ideal I C Ok such that
N(I) < C, then we say that C is an norm bound for K.

In particular Ck is a norm bound for K.

Fact 4.4.4. If n = [K : Q), the constant

n! [4)°
C}( = (71’) \ |dK|

n’ﬂ
is a morm bound for K. We won’t prove this, but the idea is to repeat the proof of Lemma 4.3.13 with the
(centrally symmetric and convex) set

X' = {(zT) € Kg : Z|ZT\ < n}
T
instead of X.
So now equipped with our much improved bound, let’s see what we can do.

Example 4.4.5. Let K = Q(v/2), then n = 2 and there are no complex embeddings so s = 0. Note dx = 8.

We compute that
Cx = V8 =2V2.
But this is larger than 2. On the other hand,

O = 5VB=Va<1

so as in Exercise 4.4.2, we see that hx = 1.
Exercise 4.4.6. Find all quadratic fields K satisfying C < 2.

Note that so far we’ve only been able to show that certain number fields have class number 1. To find fields
with class number > 1 it’s not enough to just have an upper bound, we need a lower bound as well.

We showed in Proposition 4.2.1 that the number of ideals I such that N(I) < C for some given constant
C > 0 is finite.

But we can be more precise about this: let’s note one convenient fact that will help us do some calcula-
tions.

Lemma 4.4.7. If C' is a norm bound for K and
P :={p prime :p < C},
Then Clg is generated by the classes of the primes appearing in the decomposition
POk =pit - pi
for all p € Pe.

Proof. We know that Clk is generated by the classes of the ideals with norm N(I) < C. By existence of
prime factorization, this implies that Clg is generated by the classes of prime ideals with norm N(p) < C.
But note that if (p) = pNZ, then p | (p), so p appears in the prime factorization of p. Note further that N(p)
is a power of p since Ok /p is a finite dimensional F,-vector space so p < N(p) < C and thus p € Pc. |

Example 4.4.8. Let’s consider K = Q(1/—5). We considered this example in Section 3.1 where we saw
that Ok = Z[v/—5] cannot be a unique factorization domain. Let’s try to compute its class number. First
note that —5 =3 mod 4, there is one pair of complex embeddings and thus

1/2 4
Che == () V20 = V52285 < 3.
2\ 7 T
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So now we just need to count the number of ideals with norm 1 and 2. There’s obviously only one ideal with
norm 1. But we already know that O is not a UFD, so there must be a non-identity ideal class containing
an ideal of norm 2. But by Lemma 4.4.7 we just need to figure out the prime factorization of 20k.

So what does a maximal ideal look like in Z[v/—5]? To find one, you can try quotienting by things until you
get a field. For instance, first we may “force /—5 to be equal to an integer”, i.e. quotient by a — v/—5 for
a € Z. This yields
ZIV=5)/(a — V=B) = Zlal (2 + 5,0 — @) = Z/(a? + 5)
In general this won’t be a field unless a? + 5 is prime. But regardless, if you just pick p | a? + 5 then
ZIV=5]/(p,a = v=5) = Z/(a® +5,p) = F,,
which is a field, so (p,a — +/—5) is a maximal ideal and obviously
(p,a —V5) | pOk.

Recall we are looking for prime ideals p of norm 2, and so we must have p N Z = 2Z. Then a must be odd
in order for 2 | a® + 5. But then a = 1 + 2b for some b € Z so

(2,a —v/=5) = (2,1 +2b—/=5) = (2,1 —V/=5) | 20k
Note further that
(2,1 —v/=5)% = (4,2 — 2/=5,4 — 2/=5) = (4,2 — 2/=5,2) = 20k.
Finally note
4=N((20g)=N((2,1—-+-5))>
and therefore (2,1 — 1/=5) is the only ideal of norm 2. So hx = 2.
5. PRIME SPLITTING

In view of Lemma 4.4.7, it becomes important to consider the process of taking a prime ideal pZ < Z and
considering the ideal generated by its image in Ok. In general, the image, equal to pOk, won’t be prime,
but will still be nonzero and thus will have a decomposition into a product of nonzero primes in Q.

In fact, there’s no reason we need to start with the ideal pZ. In particular if L/K is a finite extension of
number fields, we can start with a prime ideal p C Ok and consider the ideal generated by its image in Op.
Again, this may not be prime, but will be nonzero and thus will split uniquely into prime factors.

One could in fact work in an even more general setting of an arbitrary extension of two Dedekind domains,
but since we won’t need this level of generality we will stick to the case of interest of number fields.

5.1. Inertia and ramification degrees. Fix L/K an extension of number fields. Then Og C Of.

Exercise 5.1.1. Show that if p C Ok is a nonzero prime ideal, then pOy C Op, is a nonzero proper ideal
(hint: this amounts to showing that it’s not equal to Op,).

Having done this, take p C Ok and decompose
PO, = H qiq/p
q
(this is a finite product).
Definition 5.1.2. The integer e/, is called the ramification index of q over p.

We implicitly used in the previous section, this implies that ¢ N Ox = p. To see this, note that q N Ok is a
prime ideal containing p, so just use maximality. There exists a factorization

OK‘—>OL

l I

Ok/p 7 OL/q
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Exercise 5.1.3. Show that O /q is a finite dimensional O /p-vector space.

Definition 5.1.4. For q | pOp, the integer
farp =10L/q: Ok /p] = dimo,./» OL/q

is called the inertia degree of q over p.

Example 5.1.5. Let’s do a simple example. Say K = Q(i). Consider the prime number 2. How does 20§
decompose? Note O = Z[i] is a PID, so we just need to factor the number 2. But note that

(1+4i)(1—i)=2.

Note —i € Z[i]* and —i(1 +14) = 1 —14, so (1 +i) = (1 —4) (as ideals). This means that 2 = (1 + ).
Furthermore,

Z[i))(1+i) = Z[z] /(2> + 1,1 + ) = Z/2
So (1 +14) is a maximal ideal. Thus in this case e(;4;) = 2 and f(144 = 1. On the other hand, if p is any
odd prime, then

Zli)/p = Z[z]/(2* +1,p) = Fpla]/2® + 1.

e If there exists some a € F, such that a®> = —1 then —a is a root as well and so 22+ 1 = (z —a)(x +a)
for some a € Fy,. Thus pZ[i] is not prime, so as we will see later this means that pZ[i] = q1q2 with
q1 7é qz2, and thus €1 = €9 = f1 = fg =1.

e On the other hand if there is no a € F, such that a®> = —1 then z? + 1 is irreducible in F,[z] so
Z[i]/pZ]i] is a degree 2 field extension of F,, and thus pZ[i] is a maximal ideal. This means that
ep =1and f; =2.

If you are familiar with Legendre symbols (and quadratic reciprocity), you now see that they can be used to
determine the splitting behavior of odd primes in quadratic extensions!

Exercise 5.1.6. Show that if K C L C M is a tower of number fields, and m C O, is a maximal ideal with
qg=mNQOg and p = mN Ok, then
€m/p = €m/q€q/p AN fu/p = fn/qfasp-

In other words, the ramification and inertia degrees behave transitively with respect to multiplication.

Recall that if ¢ C Op is a prime ideal and p = qN O (which is also prime), then we say that q divides p
and write q | p. This is also equivalent to the statement that q shows up in the prime ideal factorization of
pOr.

Proposition 5.1.7. We have
> capfap = [L: K] =n.

qalp

Proof. By the Chinese remainder theorem we have

OL/pOL = @@L/qeq/p.

q
We will show that the left side has dimension n as an O /p-vector space, and the right side has dimension

Zq eqspfasp

e For the left side, pick a basis &y, ... @y, of OL/pOy, over Ok /p, and then pick elements wy, ..., wy, €
Oy lifting the ;. We want to show that this is actually a basis for L/K so that m = n.

For linear independence, suppose
(2) a1wi + -+ AW, =0

for some a; € O.
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Exercise 5.1.8. Show that there exists an element a € K such that aa; € Ok for all 7, but also such
that there exists some i satisfying aa; € p. (hint: consider the fractional ideal (ay,...,a,) C Ok
and its inverse).

Then scaling Equation 2 by a and reducing mod p gives a contradiction to linear independence of
the ;. I will skip the proof that it generates L in general and just prove it in the special case where
p is principal. Write p = (z) for € Ok. Then

N(POL) = N(xOL) = NL/Q(x) = NK/Q(x)[L:K] = N(JUOK)[L:K] = |OK/P|[L:K]

e For the right side, note that

(B or/ar| =[]0 /a%r | =] N(@r) = [[N(a)» = [[N(p) orecorr = |@K/p|2w Fassocare.

qlp qlp qalp qlp qlp

O

So here is a bunch of terminology that people use.

Definition 5.1.9. Write pOp =[], q%/».
o Ifeq/py = fq/p =1 for all q, then we say that p splits completely in L.
o If pOyp is a prime ideal we say that p is inert in Or. In this case epo, /p = 1 and fyo, /q = 1.

o If eq/p, = 1 we say that q is unramified over p.

If eq/p > 1 we say that q is ramified over p.

Ifeqp > 1 and fy/, = 1 then q is said to be totally ramified over p.

If all q/p are unramified then we say p is unramified in Op,.

5.2. Dedekind-Kummer theorem. Now that we know a little bit about how the theory of prime factor-
ization in rings of integers of number fields should go, it is worth asking whether it is possible, in practice,
to compute such factorizations. In fact, not only is this possible but it’s actually fairly straightforward,
assuming you know how to factor polynomials in finite fields.

Recall from Corollary 2.4.7 that if K is a number field then O is a finitely generated free Z-module. In
other words, O admits an integral basis.

But what happens if we take L/K an arbitrary finite extension of number fields of degree n = [L : K]? Note
that Z is a PID, and it turns out that if Ok is a PID as well then the same proof basically holds.

Proposition 5.2.1 ([Neu99, Proposition 2.10]). If Ok is a PID, then O, is a finitely generated free O -
module. In other words there is an isomorphism of Ok -modules

Op 2 0ka; & ®Okay,

for some a; € Op,.

As we have seen, in general Ok will not be a PID if Clgx # 0. But on the other it is still always true that
Oy is a finitely generated projective Og-module — this follows from Lemma 2.4.6. The failure of projective
modules over Dedekind domains to be free is exactly measured by the class group. We won’t say more about
this.

Recall that the primitive element theorem says that we may write L = K(a) = K|z]/(pa(z)) for some «.
In fact we may assume o € Op by Kkilling the denominators of «. However, it is not necessarily true that
01, = Okla] = Ok[x]/(pa(x)) for any a generating L over K. In other words, there exist many L/K such
that {1, o, ... a"’l} does not necessarily generate O, over Ok for any o € Op,.
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Definition 5.2.2. The conductor of Ok|a] is the largest ideal of Oy, contained in Ok [a] and is denoted by
Ca.

Note that C, is also naturally an ideal in the ring Ok [a].

Exercise 5.2.3. Show that
Cy = {l‘ €O : 20 C (’)K[a]}

Lemma 5.2.4. C,, is nonzero.

Proof. Since 1,q,...,a" ! are linearly independent in K, it follows that Ox[a] is a free rank n[K : Q] Z-

module. But so is Oy, so by the structure theorem for finitely generated Z-modules the quotient O, /Ok[q]
must be finite. In particular
|OL/OK[Q]| € C,.
O

The following theorem says that the splitting behavior of a prime ideal p away from the conductor can be
detected in the mod p reduction of the minimal polynomial p,(z) € Ok |[z].

Theorem 5.2.5. Suppose p is a prime ideal of Ok such that pOy, does not contain any prime factors in
common with C,. Write B, € kylz] := Ok /p[z], the mod p reduction of po. Write

ﬁa(‘r) = 231(37)61 o 'ﬁr(m)eT
as the factorization of the polynomial into irreducible polynomials. Then if p;(z) € Ok|[x] is an arbitrary lift
of ;(z), we have
pOL =ay" - q;”
where q; = pOr, + p;(a)Oy, and
fai/p = degp; ().
Proof. Since pOy, has no common factors with Cy,, we have that pOr, + C,, = Op. Therefore pOp, + Ok o] =
Oy, and thus the map
OK[Oé] — OL/IJOL
is surjective. The kernel is pOr, N Ok[a]. Note
Okla] = (pOr + Ca) N Okl C pOL N Okla] + Co C Oklo],
so Okla] = pOr, N Okla] + C, = pOxka] + C,, (viewed as ideals in Ok|[a]). Therefore
pOk[a] € pOL N Okla] = (pOxk (] + Ca)(pOL N Okla]) € pOk|a]
so we conclude that
OL/pOL = Ok[a]/pOk|a] = Oklz]/(p, pa(x)) = kp[z]/Pa ().
By the Chinese Remainder Theorem

kp[2]/Pa (@) = [ ] kolal/ (Bi(a)"".
i=1
So the prime ideals of ky[z]/(p,(z)) are in bijection with the principal ideals (p,;(x)). The preimages under
the map O, — O /pOr, which are prime ideals in O, are exactly the ideals
q; :=pOrL + pi(a)Or
and moreover Of,/q; — F,[z]/(p;(z)). Since p;(x) is irreducible,
fi = faipp = OL/0i : ky] = degp;(x).

It remains to show that
pOL =q7" -+ g7
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But

T

[Ta5 =T]0OL +pi(@)0OL) =pOL(---) + [ pi(@)OL C pOL
i=1 =1

i=1

since the latter ideal reduces to (p,(«)) = 0 mod pOy. Thus

pOL | [T a5
=1

But in fact this is an equality because p, is a polynomial of degree n and thus >_;_, e; f; = n. |

Remark 5.2.6. If O, = Ok|a], then C, = Oy, by definition, in which case you can determine the splitting
behavior of all primes, without any restrictions. But you have to be a bit careful: for instance, as we saw
carlier, for squarefree D the ring O /5) = Z|V/D] if and only if D = 2,3 mod 4. But even though this

doesn’t hold for D =1 mod 4 you can still write Oy /5, = Z[(14+/D)/2]. So even if the obvious a doesn’t
work there may still be some other « that works.

As a Corollary, we see that there are only finitely many ramified primes.

Corollary 5.2.7. There are only finitely many prime ideals in O which ramify in Op,.

Proof. Note 1,a,...,a™ ! is a basis for K over L. In fact (see [Neu99, Before Prop. 1.2.8]),

dr/ke =dpx(la,...,a
1<J

which is the discriminant of the polynomial p,. Now fix p a prime ideal such that p  C, N Ok and
p1(dr/k.a) Thendp g o #0 mod p and so p,(x) has no repeated roots, which means that when factored
into irreducible polynomials there are no repeating factors, i.e.

Pol) =p1(2)---Dp(2)
for distinct p;(z). But by Theorem 5.2.5 this means that
pOL =dq1---dr

for distinct q;. Finally note that there are only finitely many primes dividing (dz/x o) or Co N Ok |

Remark 5.2.8. In fact, the primes in O which are ramified are exactly the primes dividing

ZdL/K(wla--~7wn)OK

where w runs over all bases of L over K contained in Op. This involves the theory of the discriminant and
the different, which we don’t go into for now.

Exercise 5.2.9. If L/K is a finite extension, show that if I,J C O are ideals then I = IO N Ok and
show that I | J < IOy | JOL.

Exercise 5.2.10. Repeat Example 5.1.5 but now for any quadratic extension Q(v/D). In particular, for any
prime number p > 0 compute the prime factorization p in Q(\/ﬁ) and compute e/, and fq/, for all q lying
over p (hint: as in Example 5.1.5 you’ll eventually reduce to the question of whether a number is a square
mod p or not: you can stop there, that’s a good enough criterion).
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5.3. Galois extensions. One of our eventual goals is to understand class field theory which gives a tight
relationship between Galois groups and class groups. So from now on, assume L/K is a Galois extension
of number fields with Galois group G := Gal(L/K). Recall that Jx and Ji, denote the groups of fractional
ideals of K and L under multiplication respectively.

Lemma 5.3.1. For any a € Jg,
ola)={o(z):z€a} € Jg
as well, and this defines a left action of G on Jp, satisfying o(ab) = o(a)o(b) for all 0 € G and a,b € Jp,.

Proof. First we show that o(Op) = Op. For this, note that if x € O then there exists some monic
polynomial f € Og[x] such that f(z) =0 and thus
0=0(f(z)) = flo(z))

so o(x) € Of since Op is the integral closure of O in L. This shows that Op C 0~ 1(Op), so 0(Or) C Or.
The same argument with o~! shows that O, C o(Op).

Next, if a C L is finitely generated over Oy then o(a) is finitely generated over o(Or) = Op, and thus
belongs to Jr. Note further that o(a) = (0) if and only if a = 0 and

(07)(a) ={o(7(z)) : x € a} = {o(y) : y € 7(a)} = o(7(a))
and thus G actually acts on Jy,.

The rest of the proof is left as an exercise. O
Stated differently, Lemma 5.3.1 says that Jp is a left G-module.

Exercise 5.3.2.
(1) Finish the proof above: in particular show that if a,b € J, then o(ab) = o(a)o(b).

(2) Using prime factorization in a Dedekind domain (you could also just do it directly), show that if
q C O, is a prime ideal then o(q) is prime as well.

(3) Show that if q | p then o(q) | p as well.
(4) Conclude that if p C Ok is prime then o(pOyr) = pOy..

(5) If D # 0,1 is squarefree and p is a prime number which splits completely in Q(v/D) as p = p;ps then
determine how Gal(Q(v/D)/Q) acts on p; and po (hint: the Galois group only has one nontrivial
element; also Example 5.1.5 and Exercise 5.2.10 let you compute p; and ps).

By part (3) of the above exercise, the action of G restricts to an action on theset {q | p} :={q C Or : q | p}.

Lemma 5.3.3. The G-action on {q | p} is transitive. In other words for any q1,qz2 | p there exists o such
that o(q1) = q2.

Proof. Write pOp, = q5' -+ - q¢" and assume (without loss of generality) that q1,qo lie in distinct G-orbits.
By this assumption and the Chinese remainder theorem, we can choose x € Of, such that

=0 modq; and z =1 mod q; for all i > 1.

Note z € q1 so Np/x(2) € g1 N OF = q1 N Ok = p. But = ¢ g2 and by assumption o(z) ¢ q; either for any
0. S0 Np g (x) & g2 N Ok = p. Contradiction. O

Transitivity implies:

Theorem 5.3.4. The residue field degrees fq = [kq : ky] are the same for any q as are the ramification
indices eq.
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Proof. The automorphism ¢ induces an isomorphism kq — O /o(q) which fixes k,. For the equality of e,
write
pOL =q7' - -q;".
Then note
pOL =0 (pOL) = o(q1) -+~ o(ar)"
But then by transitivity and uniqueness of prime factorization we must have e; = --- = e,.. O

So in the Galois case we may write e, and f, instead of eq and f;.

Definition 5.3.5. Let g, := # {q | p}. We may also abusively write g/, as a way to specify which field
extension we're considering.

Corollary 5.3.6. n=[L: K] = e, fp0p-

Definition 5.3.7. If ¢ C Oy is prime the decomposition group at q is
Dy={r€G:iaa)=al.

This is, in other words, the stabilizer of q under the G-action on Jr..

Exercise 5.3.8. If p C Ok is prime then show that the decomposition groups Dy for q | p are all conjugate
and compute #Dq and [G : Dg| (hint: this is group theory).

As we noted before, any o € G induces an k,-linear isomorphism & : k; — Or/o(q) for any q. Note kq/k, is
a finite extension of finite fields and is thus Galois, so if o € Dy then we may write & € Gal(kq/ky) and so
we get a group homomorphism

Dy — Gal(kq/ky)

o 0.

Since Dy is a subgroup of Gal(L/K) it acts on L, so we can consider its fixed field LPs. Let q’ := q N
O p,.

Proposition 5.3.9. The prime q' does not split in L; in other words q is the only prime dividing q' in Of.
Furthermore eq/q0 = €q/p and fq/q = fq/ps 50 €qr/p = fqryp = 1.

Proof. By Galois theory, Gal(L/LP1) = Dy, so by Lemma 5.3.3 D, acts transitively on the primes lying
over q'. But q itself lies over this prime, and D, fixes it by definition. So it must be the only prime lying
over it.

Galois theory tells us that [LPe : K] = [G : D,]. Since G acts transitively on {q | p}, the orbit-stabilizer
theorem tells us that [G : Dq] = gq/p. But then

eq/pfa/pg
eqfarfasg = [L: LP9] =[L: K]/[L7": K] = q/qu/.p e - €a/pfa/p
[LPa : K]
and by Exercise 5.1.6 we know that

Ca/p = Ca/a'Ca’/p
fare = Tasarfarsw
so the rest of the conclusions follow from the fact that all of these indices are positive integers. ]

What we have just proven is that in a Galois extension even though one may have ramification (powers of
a prime), inertia (extending the residue field), and splitting, by taking an intermediate field extension one
can separate the ramification and inertia. In fact, we will show that there is another intermediate subfield
LP« ¢ L'a C L such that every prime over p in L4 is inert in L’s and every prime over p in L'a is totally
ramified in L. For this we first show:



ALGEBRAIC NUMBER THEORY 33

Theorem 5.3.10. The map Dq — Gal(kq/ky) is surjective.

Proof. Since kq/k, is a finite extension of finite fields, the primitive element theorem applies and we may
write kq = k(@) for some a € Or. Then let

hw)= ] (- o(a) € Opoa]

o€Dy

be the minimal polynomial over LP4[z]. Note that

hi=(h modq)= [] (z—7@) € kylx]
oc€Dy

since f(LP7/K,q') = 1. Furthermore h(@) = 0 and so the minimal polynomial pg divides h. Now suppose
7 € Gal(kq/ky); such an element is determined by where it sends @, so we just need to show that it sends @
to &(a) for some o. But 7(a) is a root of pz so must be a root of h, i.e. 7(a) =7 (a) for some o0 € Dy. O

Definition 5.3.11. The inertia group I is the subgroup of D, defined by the exact sequence
0 — Iq = Dq — Gal(kq/kp) — 0.

Corollary 5.3.12. [I;| =e,.

Proof. The orbit-stabilizer theorem implies that

|G| n
D = — = — = e f
[Dal [G:Dg] g PJp
and then
| Dq| [ Dq|

I, = = = e,.
el = (B0 1] = TGallkeg /)]~

]

Exercise 5.3.13. Show that q’ is inert in L’s with inertia degree f, and that q N O, is totally ramified
with ramification degree e.

5.4. The Artin symbol. We assume the setup of the previous section, so that L/K is still Galois. Suppose
p € Ok is unramified in Oy, in other words that e, = 1. Then by Corollary 5.3.12 we see that I is trivial,
SO

Dy = Gal(kq/kp).
On the other hand we know that Gal(kq/ky) is a cyclic group, generated by the Frobenius automor-
phism

Frobg : kq — kq

xb—>x#k‘°.

Definition 5.4.1. Whenever q | p is unramified, the Frobenius element o4 € Dy is the image of Frobq under
the isomorphism Dy — Gal(kq/ky).

Exercise 5.4.2. Show that o, is the unique o € G satisfying o(x) = 2#*» mod q for all z € k,.

We know that Dy and Dy are conjugate whenever q,q’ | p. The above exercise implies that this conjugacy
respects the Frobenius element:

Lemma 5.4.3. If q' | p then o4 and oq are conjugate in G.
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Proof. Fix 7 such that 7(q) = q’. Then

oq(r7H(x)) =77 H(2)*  mod g

rlog(r} @) = 7(r~ @)#*) = 2#*4 mod r(q) = ¢

so Exercise 5.4.2 implies that 7o,77! = oy. O

K=}

Recall that class field theory seeks to understand finite abelian extensions of K.
Definition 5.4.4. If Gal(L/K) is an abelian group we say that L/K is abelian.

If L/K is abelian, the fact that the o4 are all conjugate means that they are in fact all equal, so we denote
them all by oy.

Definition 5.4.5. If p C Ok is unramified in L, then we define Artin symbol

(2 <

Let S = {p:p ramifies in O} and let J f; < Jg denote the subgroup of fractional ideals whose prime
decomposition does not contain any prime in S (in other words, the free abelian subgroup generated by the
primes away from S). Then we extend the Artin symbol to a map

(L/K> L JS 5 Gal(L/K)

T o T L/iK a;
il;[lpi HH( pi ) '

=1

One of the main results of class field theory is that the Artin symbol is surjective, and its kernel contains
the subgroup Pjg < JIS( generated by principal prime ideals. You can think of this as a modified class

group.

Exercise 5.4.6. If L/K is the extension Q(v/D)/Q for D # 0,1 squarefree and p doesn’t divide doyp)»

compute the element <W%) € Gal(Q(v/D)/Q). The point is that Gal(Q(v/D)/Q) only has two elements

in it, so this question is asking: which one is (W)?

6. LocAL FIELDS

Now we’re going to completely switch gears and move from the global setting to the local setting. Thus
far we have been studying number fields and their rings of integers. Number fields are an example of global
fields which by definition are either finite extensions of Q and F,((t))*.

In the ring of integers of a number field there are infinitely many prime ideals, because there are infinitely
many prime numbers. This makes the structure of the ring intricate and complex, which is concretely
illustrated by the fact that the class group is in general impossible to compute in a straightforward and
simple way. But on the other hand, when we studied the splitting behavior of prime ideals (Theorem 5.2.5)
we found ourselves working modulo a prime ideal. The definition of the decomposition and inertia groups
were also described using mod p reduction. So it’s worth asking, is there a way to somehow “zoom in” on a
single prime ideal, and still get a theory in characteristic 07

The answer is yes, and is given by the theory of local fields. The p-adic numbers are the primary example,
which we now introduce.

1Al‘chough we haven’t technically covered the latter at all, almost all of the theory applies. Most of the statements about
Og generalize to Dedekind domains, and there is a purely algebraic proof of the finiteness of the class group in that case, which
actually works for number fields as well, see [Sta21].
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6.1. Localization and completion. First let’s review some general commutative algebra. Most of this
will be left as an exercise.

Definition 6.1.1. If A is a ring and S C A satisfies [[ .5, s € S for any finite subset Sy C S (in particular
taking Sy = @ gives 14 € 5), then the localization of A at S is

S™tA={(a,s) € R}/ ~
where (a1, 51) ~ (az, s2) if there exists u € S such that u(aisy — azs1) = 0. Elements of S~!A are written
a/s instead of (a,s) and thought of as “fractions with denominators in S”.

Remark 6.1.2.

Exercise 6.1.3.

(1) Show that S~!A naturally acquires the structure of a commutative ring with identity, and show that
A — S71A sending a + a/1 is a ring homomorphism.

(2) If A is a nonzero ring, then show that 0 € S <= S~'A = 0. For this reason, we will from now on
assume that 0 € S.

(3) Show that if A is an integral domain then the u in the equivalence relation can be taken to be 14.
Also show that A — S~!A is injective.

(4) Show that if s € S then its image in S~!A is invertible.

Lemma 6.1.4. If ¢ : A — B is a map of rings such that ¢(S) C B* then there is a unique map S~*A — B
making

commute.

Exercise 6.1.5.
(1) Prove Lemma 6.1.4.
(2) Show that for any ring A the map
p—pSti={p/s:pcp,scS}
induces a bijection

{primes in A contained in A\ S} = {primes in ST'A}.

Example 6.1.6.
(1) If S = {1} then S71A =~ A.

(2) If A is an integral domain and S = A\ {0} then S7'A = Frac(A4). In fact if T C A is any
multiplicative set not containing 0 then 7' C S and consequently T~ A < Frac(A).

(3) If f € A then we may take Sy = {1, f, f,...} and we write Ay := S~'A. This is an important
construction in algebraic geometry, since it gives a generating set of open subsets Spec Ay — Spec A
for the Zariski topology.

(4) If p C Ais a prime ideal in any ring A, let S, = A\ p and write

Ay = (Sp) A,
Note that if A is nonzero then 0 € Sy, so A, # 0. This is the most important example for us. By
Exercise 6.1.5 the prime ideals in A, are in bijection with the prime ideals of A contained in p.
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Lemma 6.1.7. Ifp C A is a prime ideal, then A, is a local ring and Frac(A/p) = A,/m,, where m, denotes
the unique mazximal ideal.

Proof sketch. The first part follows from Exercise 6.1.5. For the second part see [Neu99, Corollary 11.2]. O

Example 6.1.8. If A =7 and p = (p) then Z,y = {a/b: a,b € Z,p{ b}. By the above lemma we see that
L) /mp) = L/p.

6.2. Discrete valuation rings. We now want to give an alternate characterization of a Dedekind domain
in terms of the local rings. Fix O a Dedekind domain with fraction field K.

Proposition 6.2.1. If S C O is a multiplicative subset then S~'O is a Dedekind domain.

Proof. First note S~'0O is an integral domain since A is. If I C S~'O is an ideal then one easily shows that
note that (I N O)S~*O = I. Since O is Noetherian, the ideal I N O is finitely generated, so the equality
shows that I is finitely generated as well. Hence S~1O is Noetherian. Since prime ideals in S™1O form a
subset of the prime ideals in O the dimension can only decrease, so dim S~1O < 1. Suppose z € K satisfies

Un—1 — ag
g T 2 =0
Sp—1 S0

Multiply through by s = s1 - - - s,_1 to see that sz is integral over @ and thus sz € O, so z € S~1O. |

If we take a Dedekind domain O and localize at a nonzero prime p C O, then we get a local ring (Op, m,).
But m, is the unique nonzero prime ideal, since p has height 1 in O.

Lemma 6.2.2. If (R,m) is a local ring then R* = R\ m.

Proof. If u € R* then (u) = R so u does not live in a maximal ideal, in particular does not live in m, so
must live in R\ m. If u is not a unit, then (u) must be contained in m by Zorn’s lemma. O

Lemma 6.2.3. my, is a principal ideal.
Proof. By Nakayama’s lemma, we have m, # m%. Pick 7 € m, \m‘%. By Proposition 6.2.1 Oy is a Dedekind
domain, so 7O, has a prime factorization my for some a since m, is the unique nonzero prime in Op. By

construction a = 1. O

The above lemma is sort of remarkable, because in a Dedekind domain p does not have to be principal in
general. But after localizing, it becomes principal. This situation is so special that we give it a name.

Definition 6.2.4. A discrete valuation ring (or DVR) is a principal ideal domain with a unique nonzero
maximal ideal.

Now let A be a DVR with maximal ideal m.

Lemma 6.2.5. If we pick a generator m = () then every nonzero a € A can be written uniquely as a = ur™
where u € A* and m > 0.

Proof. Since A is a PID it is a UFD, so any a € A which is not a unit can be written as []!_, p; where
p; € A are prime elements. But if p; is a prime element then (p;) is a nonzero prime ideal, so it’s equal to
m, = (), 80 p; = ur for some unit u. O

More generally, every element of Frac(A) can be written un™ for some n € Z.
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Definition 6.2.6. In view of Lemma 6.2.5 we define the valuation of ¢ € K to be the exponent v(a) in the
expression

c=ur®®,
Exercise 6.2.7. If K = Frac(A) then show that v : K* — Z is a group homomorphism.
More interestingly, it satisfies the following inequality:
Lemma 6.2.8. v(a + b) > min {v(a),v(b)} with equality if v(a) # v(b).

Proof. WLOG we can assume a = un™ and b = 7" with n > m. Then v(ur™ +7™) = v(7™(1 + ur™"™)) =
v(™)v(1 4+ ur™ ™) > m. For the equality note that v(1 + un®) = 0 if z > 0 since 1 + un® is a unit in this
case. O

Proposition 6.2.9. A Noetherian integral domain A is a Dedekind domain if and only if Ay is a DVR for
all nonzero primes p.

Proof. We just showed that if A is a Dedekind domain then A, is a DVR for any nonzero prime ideal p C A
in 6.2.3, so we need to show the converse.

Suppose every A, is a DVR. Prime ideals in A, are in bijection with prime ideals of A contained in p, so
A must be of dimension 1 because there can’t be any prime ideals properly contained in the maximal ideal
of A,. For the integrally closed bit, suppose x € K satisfies a monic polynomial with A coefficients. Then
A C Ay and each 4, is integrally closed (it is a PID) so z € [, 4. O

Exercise 6.2.10. Show that if A is a Noetherian integral domain then
(4, =4
P

Hint: the intuition is that “if we write x € K in lowest terms and z is in every A, then the denominator
must be 1”. On the other hand I'm not sure whether “lowest terms” makes sense for an arbitrary integral
domain (maybe it does) but regardless you can reason with the ideal a = {a € A : ax € A}.

6.3. Norms on a field. Now given a Dedekind domain A and a prime ideal p, let’s describe how to get the
completion K.
Definition 6.3.1. An absolute value on a field K is a function |- | : K — R>¢ such that

(1) |z| =0 if and only if x = 0,

(2) |zy| = |z||ly| for all z,y € K, and

3) |z +yl < la|+ [yl

If the stronger inequality
| 4 y| < max {|z[, ly[}

is satisfied the then we say that | - | is nonarchimedean and archimedean otherwise.

Exercise 6.3.2. Show that |- | is nonarchimedean if and only if {|n| : n € N} is bounded (if you get annoyed
by this you can skip it, it’s not the most important exercise).

Definition 6.3.3. Two absolute values |- |; and |- |5 are called equivalent if and only if there exists s € R
such that |- |y =5



38 ASHWIN IYENGAR

Given a field K and a norm | - | the function
d(z,y) = |z —y|
defines a metric on K and thus a metric topology generated by the open sets

B.(z)={ye K :|x—y|<r}

Fact 6.3.4. Two absolute values are equivalent if and only if they generate the same metric topology. We
omit the proof.

Example 6.3.5.

e On any field there is the trivial valuation
0 z=0
jaf = .
1 2#0

e If K is a number field then we can embed ¢ : K — C and take the usual absolute value on C. We
denote the resulting norm | -|,. This norm is archimedean since, e.g. |2| = 2.

e If K is a number field we can also take a nonzero prime p C O and define
2]y == |Ok /p| ")
where v, is the valuation
OK — OK,p — 7

defined in Definition 6.2.6. This is a non-archimedean norm:
(1) By convention vy, (0) = oo and v,(x) € Z otherwise, so |z|, = 0 if and only if z = 0.
(2) Multiplicativity follows from the fact that v, : K* — Z is a group homomorphism.
(3) Finally, the nonarchimedean property follows from Lemma 6.2.8.

If K =Q and ¢ # p then |¢|, = 1 and |p|, = 1/p.

Theorem 6.3.6 (Ostrowski’s Theorem). Every nontrivial absolute value on a number field K is either
equivalent to | - |, for some ¢ or |- |, for some p.

Proof. We'll do the nonarchimedean case for K = Q and skip the archimedean case. If |-| is nonarchimedean
then the strong triangle inequality implies |n| = [14---+ 1] < 1. We want to find the prime number p which
makes | - | equivalent to | - |,. Note we must have |p| < 1 for some p, otherwise by prime factorization | - |
would be trivial. So let

I={a€Z:la <1}.
Note that for any n we have |n| < max(|1],...,|1]|) = 1. Therefore I is an ideal satisfying (p) C I. But note
1 &1 so I is a proper ideal so I = (p) by maximality. But that means that |n| = 1 for any n € (p) and since
Ip| < 1 we have

pl* =p~"

for some s > 0.

The proof for the general nonarchimedean case is similar, but one needs to show that |a|] < 1 for a an
algebraic integer. O

Remark 6.3.7. Note the close relationship between the valuation and the discrete valuation ring.
Ogp={zeK:|z|, <1}
Og,={reK:|z], =1}
my, ={z € K :|z|, <1}
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Exercise 6.3.8. More generally suppose that K is a field with a nonarchimedean norm |- | which is discrete
in the sense that |K| = Z. Then show that

AH = {I’E K: |:L‘| < 1}
is a DVR with unit group

A‘X,| ={reK:|z|=1}
and maximal ideal

my = {:L’EK: |1’| < 1}.

Before defining completion, let’s record a few distinctive properties of a nonarchimedean norm.

Remark 6.3.9. Let K be a field with nonarchimedean norm | - |.

e Ifz € K and r > 0 and y € B,(x), then B,(z) = B,(y). To see this, note that if z € K and
|z — 2| < r then

ly—z[ =y —2) + (z — 2)| <max(ly — x|, |z — 2|) <max(r,r) =r.
In other words, a nonarchimedean ball has no well-defined center! Every point is the center. Weird!
e Also, every open ball is closed and every closed ball is open. This is because |K| is discrete.

e In fact K with the topology defined by |- | is totally disconnected, which means that the connected
components of K are single points.

6.4. Completions.

Fact 6.4.1. If || is a norm on a field then the following maps are continuous for the metric topology on K
induced by | - | and the product/subspace topologies:

(z,y)—z+y
5

K
(z,y)—ay K

K x K

K x K

szt

K*—/——>K

In other words, K is a topological field.

Proof. For example, we need to show that if z,, — « and y,, — y then z,, + v, = = +y. But

lim |z, —2+y,—y| < lim |z, — 2| +|yn —y|=0

n— o0 n—oo
and I'll skip the rest. (|
Recall that if M is a metric space then one can define its completion by taking equivalence classes of Cauchy

sequences in M with respect to the metric. This contains M as a subset, identified with the classes of the
constant sequence.

Definition 6.4.2. If K is a field and | - | is a valuation then we denote by [A(I'I the completion of K with
respect to the metric induced by | - |. There is a natural injection K — K || given by sending ¢ € K to the

equivalence class of the constant sequence (c,c,...).
Example 6.4.3.

e The map K — K |l 18 an isomorphism, since every Cauchy sequence for the trivial norm must
eventually be constant.

o If || =] |c is the usual absolute value on Q then @Hm =R
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o If |- | = ||, where K is a number field and p C Ok a prime then we get a field K, := K"lp which
is the field of p-adic numbers.

Proposition 6.4.4. [A(I'I is a complete topological field with respect to pointwise addition and multiplication
of Cauchy sequences.

Proof. Checking the field axioms is straightforward: for example, for division take an equivalence class
[(an)] # [(0)] and pick a representative (a,) such that a,, # 0 for all n. Then the inverse is [(a,')]. For the

~

topology, given a sequence (a1, az,...) € K| we can define
[(a1,as,...)| = h—>Holo |an].

One checks that this is a well-defined absolute value, and thus induces a metric topology on K [- We omit

the proof that this makes K || into a topological field; it’s similar to showing the same property of K. We
also omit completeness. O

6.5. Non-archimedean completions. Let’s focus our attention on non-archimedean completions. Fix K
a field, | - | a discrete non-archimedean norm coming from a valuation v, and K, its completion. First we
record a nice feature of non-archimedean norms, which tells us that despite the fact that they break our
intuition, they actually have less pathologies, in some sense.

Proposition 6.5.1. Y ° jx, converges if and only if lim, o z, = 0.

Proof. 1f 3°7° @, converges then

m—+1 m
Tm+1 = (Z Tn) — (an) =20
n=0 n=0

Conversely if lim,,_, z, = 0 and € > 0 then pick N such that |z,| < e for all n > N. Then if m >n > N
we have

m
|le| < max || <e.
— i€ [n,m]

O

Exercise 6.5.2. More generally, show that a sequence (a,,) is Cauchy if and only if lim,, s |@n+1 — an| = 0.

Lemma 6.5.3. |K,| = |K]| (note this is not true for archimedean norms!).

Proof. If (a1, az,...) is a Cauchy sequence which does not converge to 0 then we show that (|a1], |az],...) is
eventually constant. Since it doesn’t converge to 0 there exists some N such that |z,| > € for every n > N.
On the other hand after possibly enlarging N we have that |z, — x,,,| < € for any n,m > N as well. Thus
|Tr, — Tm| < |Tn|. But if |x,| # |2m| then |z, — 2| = max(|z,|, |zm|), a contradiction. O

By Exercise 6.3.8 we see that A, = {z € K, : |z|] <1} is a DVR. In fact since A is a closed subspace of a
complete metric space, it is itself complete as well. Let A = {x € K : |z| < 1}; this is a subring of A, which
is in general not complete.

Proposition 6.5.4. There is an isomorphism of topological rings
A, = @A/ A
K3

where 7 is a generator of the mazimal ideal in A.
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Proof. Note first that even though A, is in general bigger than A, there is still a map A, — A/x™A. To see
this, note that if [(a1,as,...)] € A then eventually we have that |a,, — a,,| is very small, which equivalently
means that v(a, — a,,) is very large, or equivalently a,, — a,, € (7%V) for N very large. But that means that
eventually a, = a,, mod 7 for n,m > N, so we can define the image of [(a,as,...)] in A/7*A to be ay
for N large enough.

This map 4, — A/ 7t A is actually continuous (with the discrete topology on A/mw®A) because the preimage
of a point b € A/ A is

{red,iz=b modn'}={z€d,:|z—0b<|n|"}

which is an open ball. Furthermore one can check that maps A, — A/n’A are compatible as we vary i, so
we get a map
A, — @ A/t A.
K3

Since each A, — A/m%A is surjective and each A/7"1A — A/7'A is too, the map to the limit is as well.
Furthermore the kernel is
ﬂ A, =0

i>1
So the map is an isomorphism. It remains to check that the inverse map is continuous, which we omit. [

Exercise 6.5.5. Fill in the missing details from the proof above.

Why is this a useful thing to note? Let’s specialize to the case of F' = Q and |- |, and consider the completion
Qp. Then A, = Z, in this case is the ring of p-adic integers, which is a complete DVR with uniformizer ,
and
Z, = limZ/p'Z.
i

So to construct some a € Z,, you first need to take a number in Z/pZ, which can be represented by
ag € {0,...,p—1}. Then you a number a} € Z/p*Z such that @} = ap mod p. But this means that
aj} = ag + pay for some a; € {0,...,p—1}. Similarly you then need a) € Z/p*Z which is written as
al, = ap + pai + p?as. So on and so forth, so that the number we construct is eventually

o0
a= E anp”.
n=0

In particular any p-adic integer can be written uniquely in this form. Any p-adic number (i.e. an element of
Q) can be written uniquely as
a= 2 ap"

n>N
for some N € Z for the same reason.

6.6. Hensel’s Lemma. Suppose you take a complete? DVR A with maximal ideal m and residue field
k = A/m. For instance this could be A = Z,,, but could also be something like C[[t]], a one variable power
series ring over C. In algebraic number theory we care about solving polynomial equations over number
fields, so what about over local fields? Given f(x) € A[z], when does f(z) have a root? A priori this looks
like a difficult problem, given that the p-adic numbers are somewhat complex. But when you work with the
real numbers, you can use derivatives and Newton’s method to solve equations. It turns out that you can
do this in the world of complete DVRs as well.

Definition 6.6.1. If f = "  a;z" € R[z] is a polynomial over any ring R, then its formal derivative is
n
= Z ia;zt !
i=1

2for the metric topology induced by the norm defined by the valuation
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Exercise 6.6.2. Show that the formal derivative satisfies, for all a,b € R and f, g € R[z]:
(af +bg)' =af’ +bg
(f9)' =rfg+1d
(fog) =(fog)d"

Roots and derivatives of these polynomials behave in the same way you expect from the real case.

Exercise 6.6.3. Show that if f € R[z] is a polynomial (R is still any commutative ring) and a € R then

f(z) = f(a) + f'(a)(z — a) + g(z)(z — a)®
with g(z) € R[x] (the point of this exercise is to show that even though the Taylor expansion usually involves
dividing by n!, if f is a polynomial then g(x) has coefficients in R itself).

Assume now that A is a complete DVR with maximal ideal m and residue field k = A/m.
Lemma 6.6.4. We have f(a) = f'(a) = 0 if and only if (x —a)? | f.

Proof. The reverse direction is clear. For the forward direction, we Taylor expand around a:

f(@) = f(a) + f'(a)(z — a) + g(2)(z — a)?
]

Lemma 6.6.5 (Hensel’s Lemma). If f € Alx] is monic such that f € k[x] has a simple root @ € k, then @
can be lifted to a € A with f(a) = 0.

Proof. We proceed, as in Newton’s method, by picking some arbitrary lift and then then fixing it over and
over again, making it get closer to an actual solution.

Pick an arbitrary lift ag € A of @. Then f(ag) might not be zero, but at least f(ag) = 0. This means that

|f(ao)| < 1. But on the other hand f’(ag) # 0, so |f'(ao)| = 1. Now to correct ag, we recursively define
flan)

an+41 = Gp — f’(a )
n

We will prove by induction that
(1) lan| <1, so that a, € A
(2) |an —ag| < 1sothat @, =a
(3) |f'(an)| =1 so that a,11 is well-defined
(4) 1f(@n)] < 1f(a0)?" <150 that f(an) "= 0
For n = 0 each of these properties is immediate. Assume (1)-(4) for n. Then:
(1) By properties (3) and (4) we have
|ant1 = an| = |f(an)/f'(an)] < |f(a0)*" <1
so by property (1) we have |ap+1| < max(Japt1 — anl, lan]) < 1.
(2) By property (2) we have |an11 — ag| < max(|api1 — anl, |an — agl) < 1.

(3) If you Taylor expand f’ around a,, and plug in a, 11 you get

/ — fla) — f'(a f(an) a f(an) 2
Flanin) = £e) = 5" @) 5 4 glonsr) ( £520)

But the second and third term have norm < 1 while the first has norm 1, so |f’(a,)| = 1 by the
ultrametric inequality.
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(4) If you Taylor expand f around a,, and plug in a,41 you get

PN (O NN fla)\* ) flan) \?
Flonen) = fan) = ) e+ ) (05 ) =) (i3 )

and thus | f(an+1)| < |f(an)]? < |f(a0)|2n+1-

But now |any1 — an| = |f(an)/f (an)| < |f(a0)*" 2= 0 so Exercise 6.5.2 implies that (a,) is a Cauchy
sequence, which must converge in A to some value a = lim, o a,. Since f is continuous it satisfies
f(a) =lim, o f(a,) = 0. Note that
la —ao| = lim |a, —ag| <1
n—oo
S0 a — ag € m, which means that the reduction of @ mod m is @ as desired. O

Exercise 6.6.6.
e Modify the proof of Hensel’s lemma so that it only requires |f(ag)| < |f(ao)|*.
e Prove that the lift in Hensel’s lemma is unique.
Note that in the proof of Hensel’s lemma, we showed that |f(a,)| < |f(ag)|?". Recall that |- | = ¢=*) for

some real number ¢ > 1, where v is the valuation on A. So if we translate into the language of valuations,
the condition becomes v(f(a,)) > 2"v(f(ap)). But this then means that

fla,) =0 mod 72"v(f(a0))

where m = (7). So in every step of Hensel’s lemma, you get deeper and deeper congruences.

Example 6.6.7. So for instance, let’s say you want to solve the equation x? — 7 in the ring Zs. Note first
that 22 — 7 reduces to 22 — 1 in [F3, which has two distinct simple roots. Applying Hensel’s lemma to each of
them gives you solutions not only to 22 — 7 in Z3, but also each step gives you solutions to 2% — 7 in Z/ 32" 7.

Exercise 6.6.8. Using Hensel’s lemma, find all of the solutions to 2% — 7 in Z/27Z.
6.7. Local fields. Finally, we state the definition of a local field and sketch a bit of the theory.
Definition 6.7.1. A local field is a locally compact non-discrete Hausdorff topological field (c.f. Fact 6.4.1).

Given a local field, one can define a norm |- |x : K — Rx( by taking a Haar measure p (a translation
invariant non-trivial measure on the underlying locally compact Hausdorff abelian group for which compact
sets have finite measure, which is unique up to scalar multiple) and setting

p(aX)

u(X)

for any measurable X such that 0 < p(X) < oo. One can then show that |- |k is an absolute value which
induces the topology on K, and therefore we may equivalently define:

lz|x =

Definition 6.7.2. A local field is a field K with a nontrivial absolute value | - |k which is locally compact
for the topology induced by |- |k

Example 6.7.3. So for instance, R and C are both local fields: take a closed ball around any point, and
this will be compact. Also Q, is a local field. To see this, note that Z, is a profinite ring (it’s the inverse
limit of finite rings) and is thus compact, and furthermore Q, = (J,,c; p"Z, and each p"Z, is compact as
well since multiplication by p™ is continuous (because @Q, is a topological field). For the same reason F,((t))
with the t-adic topology is a local field (note F[[t]] = m T, [t]/t").

Eventually we will see that these are basically the only examples, up to taking finite extensions. But in order
to see this, we need to rule out some other possibilities.
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Lemma 6.7.4. If K is a local field then every closed ball in K is compact.

Proof. The point 0 € K lies in a compact open neighborhood U, which must contain Bs(0) for some s by
definition of the metric topology. Note Bs(0) is compact because it is closed in U. Now take o € K* with
|a] > 0. Then since multiplication by « is continuous it follows that aU is compact and thus o Bs(0) =
Biqjns(0) is compact as well for all n > 0. But if » > 0 then B,.(0) C Bjq»4(0) is a closed subspace for n large
enough, so B,(0) is compact. Finally since translation in K is continuous we can transport this argument
to any basepoint and thus every B,.(z) is compact. (|

Lemma 6.7.5. A local field K is complete with respect to |- |k.

Proof. Pick a Cauchy sequence (z,) C K. For some ¢ > 0 there exists N so that z, € B<.(zxy) for
n > N. But this is a closed and hence compact ball, so it contains a subsequence (z,,, )» which converges
to something in K. O

Definition 6.7.6. If K is a topological field (c.f. Fact 6.4.1) then a vector space V endowed with a topology

(v,w)—v+w
_—

is a topological K -vector space if the addition map V x V V and the scalar multiplication map

kv)—k- .
KxV (U)#) V' are both continuous.

Finally, the following lemma, whose proof is omitted, rules out infinite extensions of R, Q,, or F,((¢)).
Lemma 6.7.7. If K is a local field and V' is a locally compact topological K -vector space then dimg V' < co.
We deduce the classification as a corollary of Ostrowski’s theorem (see Theorem 6.3.6).

Theorem 6.7.8. If K is a local field and its norm is archimedean, then K is either R or C. If non-
archimedean, then K is a finite extension of Q, or F,((¢)).

Proof. Suppose char K = 0. Then K contains QQ and the restriction of | - |k to Q must be either | - |, for
some prime p or | - |, the usual archimedean norm. But since K is complete it must be that Q) C K, so
either K contains Q, for some p or it contains R.

If char K = p then K must contain F,. But note that K must also contain some transcendental element
over F,, because every nonzero element of F, has finite order and thus has norm 1, but | - |k was assumed

nontrivial. So K contains F,(s) for some transcendental element s. One can show that every completion of
F,(s) is of the form F,((t)).

Finally note that Lemma 6.7.7 implies [K : @H] < 0. O
Exercise 6.7.9. Show that in Theorem 6.7.8 the restriction of | - |k to Q cannot be the trivial norm.

In the next section we will show that in fact every finite extension of @, is in fact a local field, and that the
norm | - | is discrete.

7. LOCAL FIELD EXTENSIONS

7.1. Extending norms. Now let K/Q, be a (non-archimedean) local field with valuation v, norm |z|x :=
¢~ V@) for some ¢ € R, valuation ring Ok and uniformizer 7x and residue field kx = Ok /m.

Suppose L/K is a finite extension of degree n. We want to study the problem of extending the norm from
K to L. One obvious thing to try is to push elements of L down to K and take the norm, and the most
natural way to do this is to define

1/n
2| = [Ny ()}

Exercise 7.1.1. Show that |- |;, : L — R>¢ is a norm.
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We will need the following lemma, whose proof we omit.

Definition 7.1.2. If K is a field with an absolute value | - | and V is a K-vector space, then a norm on
Visamap | -] : V — Rxg satisfying

e o] =0 <= v=0,

o ||A-v|| = |Nklv| forall A € K and v € V, and

o |lv+wl| < |lv|| + ||w] for all v,w € V.

Lemma 7.1.3. IfV is a finite dimensional vector space over a local field K, then every norm on V induces
the same topology on V.

Theorem 7.1.4.
(1) |- |L is the unique norm satisfying |z|r = |z|k for all x € K (i.e. which “extends |- |x),
(2) L is complete with respect to |- |1, and

(3) the valuation ring Or, = {x € L : |x|r, < 1} ids the integral closure of O in L.

Proof. If v € K then Ny i () = 2", so |z = |z|k. It is a fact that any two norms on a finite dimensional
vector space induce the same topology, which means they must be equivalent. But there exists some x € K
such that |z|x # 1 so if | - |; and |- |2 both extend |- |k then they are equivalent and thus |z|; = |z|§ but
then a = 1 since we can take x € K such that |z|x # 1.

(2) is an exercise.

For (3) note that |a| < 1 if and only if [Nz /x(a)| < 1 so it suffices to show that a € L is integral over Ox
if and only if Ny /x(a) € Ok. So suppose a € L is integral over O . Then the proof of Proposition 2.3.8
shows that
Nijic(a) = (=1)"pa (0)FH )

which lies in Ok since p, € O [r] by assumption. Conversely if Ny, x(a) € Ok then note p,(0) is a root
of LK) — (—1)"Np () € Ok[z] and Ok is integrally closed, so p,(0) € Ok. But one can show using
Hensel’s lemma that a monic irreducible polynomial with constant coefficient in O must live in Og[z], so
« is integral over O. O

Exercise 7.1.5. Show that if K is a local field and V = K" is a finite dimensional topological K-vector
space then it is complete for the sup norm

[o] = max |vg].
1=1,...,n

In view of the fact that any two norms on a topological K-vector space induce the same topology, conclude
part (2) of Theorem 7.1.4.

Note that | - |1, is nonarchimedean, since it’s nonarchimedean when restricted to K, and discrete since its
value group is at worst generated by nth roots of elements in the value group of K. Thus Oy, is a (complete)
DVR by Exercise 6.3.8. In particular Op, and Ok are Dedekind domains, but note that there is no prime
splitting in the extension O /Ok because each has a unique maximal ideal. Hence we have

(i )OL = (L)
for some e,/ which we call the ramification index of L/K and
frx = 10r/7L : Ok /7k] = kL : kK],
the inertia degree of L/K.

In particular since |- |, extends |- |x we have

‘AT|L — C*U(T)/EL/K
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Exercise 7.1.6. If E/F is a finite extension of number fields and q is a prime in E with p := qN Op, show
that one naturally gets an induced field extension E/F, and

eCI/P - eEq/Fp
and
fq/p = qu/F,,

Note that [L : K] = er/k fr/K, s0 we now study what happens when one of the terms is 1.

7.2. Unramified extensions. Let L/K/Q, be finite extensions.
Definition 7.2.1. If e; /i = 1 then L/K is unramified.

Note that if L/K is unramified then [L : K| = [k : kx]. In other words, a degree n unramified extension
of K gives a degree n extension of ky. Furthermore, we know the classification of finite fields, so we know
exactly what kz and kg are as soon as we know the degrees [K : Q] and [L : K].

So what about the converse? First we state (without proof) an equivalent (but stronger looking) form of
Hensel’s Lemma.

Lemma 7.2.2 (Hensel’s Lemma II). If A is a complete DVR with residue field k and f € Alz] such that
f = gh with g, h € k[x] coprime, then there exist lifts g,h € A[z] of § and h such that f = gh.

Next, we note the following.

Lemma 7.2.3. If K/Q, is a finite extension then every root of unity in K is contained in Ok, and fur-
thermore if |ki| = q there is a isomorphism of groups pig—1(K) = pg—1(kx) given by reduction mod w .

Proof. We can write kx = F, for some ¢ = p”. Then the elements of kg are the roots of ¢ — x, whose
derivative is zero, so these are all simple roots. Then by Hensel’s lemma each lifts uniquely to a root of
2% —z in Ok and thus the group homomorphism p,—1(K) — pg—1(kk) is both injective and surjective. O

Proposition 7.2.4. Given a finite extension k/ky , which we can write Fgn /Fy, the extension L = K({gn_1)/K
is unramified with k(¢ ._,) = k. Every unramified extension is of this form.

Proof. First write ki = F,. If [k : kx| = n then k is the splitting field of 27" —z over F,,. Let L = K ((4n_1),
the splitting field of 24" — z over K.

First we should show that the residue field of L is Fgn. The (¢™ — 1)th roots of unity have norm 1, so they
are all contained in Oy, and thus reduce to (¢™ — 1)th roots of unity mod my. Let a € Of, denote a primitive
¢" — 1th root of unity. If its reduction @ € ky, is not primitive, then it satisfies @?” ~! — 1 = 0 for some
m < n, and thus by Hensel’s lemma it admits a lift to a (¢"™ — 1)th root of unity 5 € Or. But S also satisfies
the polynomial 27"~ — 1 = 0, so by uniqueness of lifts we must have 8 = «, which is a contradiction since
a was primitive. Therefore, k;, contains Fy» and thus [kr : kx] > n.

In view of the fact that [L : K] = er/k[kr : kk]|, to see that L/K is unramified it suffices to show that
[L: K] =mn. Let f =29 —x € Oglz]. Note f=-1¢ kx|x] so f is separable and thus if we write
f = fi--- fn with f; monic irreducible then each f; must be monic irreducible; if not then you get a
contradiction to Lemma 7.2.2. The minimal polynomial of {;»_; over K is equal to one of the f;, and since
its reduction mod w is the minimal polynomial of m (which is still a primitive root by Lemma 7.2.3) it
has degree n, so f; must have dimension n as well.

Now suppose L/K is some unramified extension of degree n. Then ki /kx is the extension Fyn /F,, so let
@ € F. denote a generator. If we view 29" —x € Op[z], its reduction in kp[z] has @ as a simple root, so by
Lemma 6.6.5 we can lift it uniquely to a solution & € Op. But then « is a primitive ¢"~'th root of unity
and thus K({sm_1) C L, which by degree considerations is an equality. O
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Note that if K has residue field k;, = F, then K ({;,»_1) is the splitting field of 29" — 2 over K and thus is
Galois and its Galois group is
Gal(K (Ggn—1)/K) = Gal(Fgn /Fq) = Z/nZ,

the cyclic group of order n generated by Frobenius. Consequently if we let Q)" denote the maximal
unramified extension of @Q,, then

Gal(Qy™/Q,) = lim Gal(Qy (G —1)/Qy) = lim Z/nZ = Z.

Exercise 7.2.5. Using Lemma 7.2.2 show that if p { m then K((,,)/K is unramified. Can you determine
the n for which K ((n—1) = K((m)?

7.3. Local Dedekind-Kummer. To study ramified field extensions, we need an analogue of the Dedekind-
Kummer theorem in the local setting.

Lemma 7.3.1. If (R,m) is a local Noetherian ring and g € Rx], let S = R[z]/(g). Then every mazimal
ideal of S contains mS.

Proof. Suppose n C S is a maximal ideal which does not contain mS. Then n 4+ mS = S by maximality.
Note n is a finitely generated R-module so take a set x1,...,x,, which generates n as an R-module. Then
since n +mS = S, the images of x; under the map S — S/mS generate S/mS as a vector space over R/m.
By Nakayama’s lemma, the z; must actually generate S as an R-module. But then n = S, which is a
contradiction. ]

In other words the map S — S/mS induces a bijection on maximal ideals.

Corollary 7.3.2 (Local Dedekind-Kummer). If (R, m) is a local Noetherian ring and g € R[z|, then write
1, » Gn for the distinct irreducible factors of g € R/m[z]. Then the mazimal ideals in S = R[x]/(g) are
of the form (m, g;(x)) where g; is an arbitrary lift of g;.

Proof. Tt suffices to describe the maximal ideals in S/mS. But

S/mS = Rlz]/(p, g(x)) = (R/m)[z]/(g)

so the result follows from the Chinese Remainder Theorem. O

7.4. Ramified extensions. Let’s say a bit about ramified extensions.

Suppose L/K is ramified of degree e. Then m§ = mg. So (7)¢ = (7x)Op, or in other words urg = 7§ for

some u € OF. As we will see, this implies that L = K(rz). If u = 1, this means that L = K(w}(/e). But in
general if u # 1, 7wy, will solve ¢ — urg = 0. This is an example of an Fisenstein polynomial.

Definition 7.4.1. If K/Q, is a p-adic local field, then a monic polynomial f(z) = 2" + ap_12" "' +--- +
a1x + ag € O[] is Eisenstein if 1k | a; for i =0,...,n — 1 and 7% { ap. In other words ag generates mg.

Fact 7.4.2. Eisenstein polynomials are irreducible in both Ok [z] and K|[x].
Lemma 7.4.3. If f € Ok|z] is Eisenstein then S = Og[x]/(f) is a DVR with uniformizer x.

Proof. Note f = x9¢8f 50 by Corollary 7.3.2 the ring S has a unique maximal ideal (mg,z). But f is
Eisenstein, so f(0) generates mg, so the maximal ideal of S is (f(0),z). But 0 = f(x) = f(0) + «(---), so
actually the maximal ideal is just (z). Now note S is Noetherian by construction, a domain by Fact 7.4.2,
and is local with nonzero principal maximal ideal. This implies that it is a DVR. (]

Exercise 7.4.4. Show that an integral domain R is a DVR if and only if R is a Noetherian local ring which
is not a field and whose maximal ideal is principal.
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Proposition 7.4.5. Fiz an extension L/K of p-adic local fields of degree n and fiz wy, € L a uniformizer.
Then L/K is totally ramified if and only if O, = Ok|[r] and pr, is Eisenstein.

Proof. If Oy, = Ok|[ry] with p,, Eisenstein then as in the above lemma we have

Op/my = Oklz]/(pr, (0),2) = Ok /(px, (0)) = Ok /mk = ki
so fryxk = 1 and thus L is totally ramified.

Conversely if L/K is any totally ramified extension then {1, TLye- ,Wz_l} is linearly independent over K.
To see this note that vy (7% ) are all distinct and if

n—1

Z a;m; =0

i=0

then we must have v, (a;7%) = vL(ajw%) for some i # j. But this can’t happen because vy, (a;7%) = nx + i
while vy (a;7} ) = ny + j which aren’t congruent mod n. So L = K (7).

The proof that p,, is Eisenstein is left as an exercise. But Lemma 7.4.3 implies that Og[r] is a DVR
contained in the DVR Op. But since DVRs are Dedekind domains and thus integrally closed, we must have
OK [7TL] = OL. O

Exercise 7.4.6. In the above proof, show that the minimal polynomial p,, is Eisenstein. Hint: you know
that vy, (mr) = 1. Consider the valuations of the coefficients.

Definition 7.4.7. An extension L/K of p-adic local fields is

tamely ramified if p{er K,

wildly ramified if p | ep/x,

totally tamely ramified if it’s totally ramified and tamely ramified

totally wildly ramified if it’s totally ramified and ey, is a power of p.

Exercise 7.4.8. Show that L/K is totally tamely ramified of degree n if and only if L = K (71';(/”) for some
uniformizer 7x € Ok. (hint: Hensel’s lemma will be useful)

7.5. Tower. In a manner completely analogous to the global setting, suppose we have a finite extension
L/K of p-adic local fields and let G,/ = Gal(L/K). Furthermore let

IL/K = ker(GL/K - Gal(kL/kK)).
Then the intermediate subfield L**¥ := LIz/x is the maximal unramified extension of K contained in L,
and L/L"""K is totally ramified. It turns out that there is an extension L'*meK /LuntK which is tamely
ramified and such that L/L""X is totally wildly ramified. In fact L'**™®X is the maximal tamely ramified
extension of K (or equivalently L'""¥) contained in L. We define the wild inertia subgroup
Pp i = Gal(L/L™™5) € Gy
which is a p-group. In fact, Pp/i can be identified with the p-Sylow subgroup of G-
In summary, there is a tower
K C Lunr,K C Ltame,K cL
which corresponds to the tower of subgroups
0< P <Ipxk <Gp/k-
Similarly, there is a tower
K C Kunr C Ktame C ?
corresponding to a tower of subgroups
0 S PK S IK S GK = Gal(F/K)
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Here Ik is the inertia subgroup and Py is the wild inertia subgroup, which is a pro-p-group.

The reason we separate out the tame and wild parts of inertia is that the tame (and unramified) parts are
relatively easy to describe in view of Exercise 7.4.8, whereas the wild part is, well, much wilder and harder to
write down explicitly. But what we can say is that Gal(K*%™m¢/K) is topologically generated by two elements
o, 7 which satisfy the equation

where ¢ = |kk|. The point is that:

[}
Gal(K™ /K) = Gal(kg ki) = Z
which is pro-cyclic and generated by some element ¢ and

e since the tamely ramified extensions are constructed by taking nth roots of 7 for (n,p) =1,

tame unry ~ : ~
Gal(K*™™e/K™™) = lim Z/nZ = 11 2.
(n,p)=1 l#p

which is itself pro-cyclic and generated by some element 7.

7.6. Product Formula. Now that we've defined some natural norms on local fields, let’s prove a formula
which ties together the norms in a neat way.

For this we need a few facts.

Lemma 7.6.1. If E/F is a finite extension of number fields and ¢ C O is a prime lying over p C Of then

|zq = [Ng, /F, (7)]p-

Proof. If E, = Fy then there is nothing to prove. If not then without loss of generality we can assume that

T = Wg:x) for some w(z), since this doesn’t change the norm. But

72 g = |Op /o)) = |Op /p|Torre @

and
w(x w(x f w(x — w(x
Ne, /5, (WMo = INg, 5, (e = [ [ = O fpl o™
where the second equality follows from the fact that Ng_ /g, (40g,) = plare. |

Exercise 7.6.2. Show that if v : F — C extends ¢ : F' — R then
|V(x)|00 = |NE|,|L,/F|,|L (V(x))|00

Theorem 7.6.3. If F' is a number field and x € F* then
1= H |2
p prime in F
where we regard all complez-conjugate pairs of embeddings 1 : F — C as primes as well as the prime ideals
p C Op.

Proof. First we reduce to the case where F' = Q. For this, note that
F®qQp = H Fy
plp

where we implicitly include the archimedean prime p = oo by letting Q,, = R and taking all equivalence
classes of archimedean norms of F' in the product. By virtue of these isomorphisms,

Nejo@) =[] Nr, /0, (2)
plp
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But then

H 2|y = H H|$|p

p prime in F p prime in Q p|p

IT 1INs 0, @)

p prime in Q plp

II  Nee@)l,

p prime in Q

and so it suffices to check the proof for Q.
But if z € Q* then

T = j:pijl .. .pz"
and thus
TI Izl % J2loe = (07 -9 ™") x (B ---pin) = 1.

pEZ prime

O

7.7. Krasner’s Lemma. Thus far we’ve been talking about finite extensions of local fields. But what about
infinite extensions? For instance, what can we say about @p, the algebraic closure of Q,7 For instance, by
Theorem 7.1.4 every finite extension of QQ, is complete. What about @p? It turns out the answer is no;
writing down an explicit Cauchy sequence which does not converge is possible, but a bit complicated to do,
so we omit this here.

Here’s another thought. By Theorem 7.1.4 every finite extension of @, has a unique norm extending its
norm.

Exercise 7.7.1. Using Theorem 7.1.4, show that @p has a unique norm extending the norm on Q,. Hint:
use compatibility of the norm maps Ny k. Show furthermore that this norm restricts to the unique norm

on any finite extension.

So for instance, this norm restricts to the norm on Q,(p'/™). As such, the set {p/"} C |Q,| so the norm on
@p is not discrete.

So @p has a norm, but it’s non-discrete and @p isn’t complete.

Remark 7.7.2. Note that this is different than for the archimedean norm. Namely, the algebraic closure of
R is C, which is complete. This is intimately related to the fact that C is a finite extension of R.

But we can still complete; in analogy with the archimedean case let C,, denote the completion of @p.
Theorem 7.7.3. C, is algebraically closed.

Before proving this, we prove a few general lemmas. Let K denote a field of characteristic 0 complete with
respect to a non-archimedean absolute value. For instance, K could be @, any finite extension of Q,, or
C,.

Lemma 7.7.4. For allz € K and o € Gal(K/K), we have |o(z)| = |z|.

Proof. If p, is the minimal polynomial of x over K then

|2 = [Ny x (@)1 5P = [pa(0)lp = [Nic(ay/xe (0(2))] 5P = |o(@)].
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Lemma 7.7.5 (“Krasner’s Lemma”). If o, 3 € K are such that |3 — a| < |o(a) — a| for all 0 € G such
that o(a) # «, then K(a) C K(B).

Proof. Suppose o« ¢ K(8). Then K(«,3)/K(8) is a non-trivial extension, so there exists some non-trivial
o € Gal(K/K(f)) such that o(a) # « (just lift some non-trivial automorphism in Aut g () (K (c, 3))). Then
by Lemma 7.7.4

18 —al=lo(8—a)l =lo(B) —o(a)] = |8 — o(a)| = max(|5 — al, |a = a(a)])

where equality follows from the fact that by assumption |8 — a| < |o(a) — «|. But the above line says that
|8 — a| > |a — o(a)|, a contradiction. O

In other words, if an automorphism of K fixes an element in a small enough neighborhood around « then it
must also fix a.

In fact we can upgrade this slightly into a statement about polynomials which are sufficiently close. What
do we mean by close? Suppose we restrict our attention to polynomials over K of degree < n; these form
an n + 1-dimensional K-vector space, so there is an obvious norm on this vector space.

Proposition 7.7.6. If f is a monic irreducible polynomial of degree n and g is another monic polynomial
of degree n such that |f — g| is sufficiently small, then g is also irreducible. Furthermore, if aq,...,q, are
the roots of f and B, ..., B, are the roots of g then up to reordering,

Proof. Well, just pick v < |a; — ]| for all ¢, j, and define “sufficiently small” to mean that |a; —§;| < ~y: since
the roots of a polynomial vary continuously with respect to its coefficients, this translates to a smallness
condition on the coefficients. But then by assumption we have

i = Bj] <l — ay
for all j, so by Krasner’s lemma we have K (o;) C K(8;). But on the other hand
[K(B:): K] <degg=n=degf=[K(): K]
so in fact K(a;) = K(f;), which further implies that g is irreducible. O

In other words, two polynomials which are sufficiently close have the same splitting field.

Now we return attention to K = C,,.

Corollary 7.7.7. C, is algebraically closed.

Proof. If « is algebraic over C, with minimal polynomial p, € C,[z] then by construction we can pick
f(z) € Q,[z] such that [p, — f| is sufficiently small so that Proposition 7.7.6 applies with K = C,. But then
Cp(a) = C,(B) for B aroot of f. But 5 € @p, so we're done. a

As another application, we now show that any finite extension of Q, can be obtained by completing some
number field.

Proof. If K/Q, is a finite extension, let K = Q,(«) with minimal polynomial «. Since Q is dense in Q,,
choose some f € Q[z] and 3 a root of f such that Q,(a) = Q,(3). Note 3 € Q, so consider the number field
F =Q(B). The norm on K = Q,(a) = Q,(S) restricts to a non-trivial norm on F. Furthermore, we have
F C F C K. But since F is dense in K, it follows that F=K. O
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8. CLASS FIELD THEORY

Up to this point we’ve studied the general theory of finite (algebraic) extensions of p-adic local fields and
number fields. An obvious question to then ask is:

what are all of these extensions?
Or, said differently in the context of number fields,
describe every algebraic number.

(1) In the case of local fields, we gave a partial description of how to do this. If K/Q, is a finite extension,
we constructed a tower of infinite extensions

K c KW — UK(CP"—I) C Ktame — U Kunr(ﬂ_}{/m) c K.
n (m,p)=1
The only part we couldn’t give an explicit description of was the last extension, whose Galois group
is a pro-p group called the wild inertia group.

(2) In the case of number fields, things are much more complicated than for local fields; this is partly
because there are infinitely many primes in a number field, whereas there is only one in a local field.
Said differently, the ring theory of a general Dedekind domain is much more complicated than that
of a DVR.

In general, giving a clean and explicit description of every algebraic extension is extremely hard and com-
pletely wide open in general, probably infeasible in any reasonable sense.

On the other hand, we can simplify the problem a bit by considering only abelian extensions.
Definition 8.0.1. A finite Galois extension E/F is abelian if Gal(E/F) is an abelian group.

Exercise 8.0.2. Show that if E/F and H/F are two abelian extensions then the composite EH/F is Galois
and abelian.

In particular, by taking the compositum of all abelian extensions of a field F' inside F, we obtain 2P, the
mazimal abelian extension of F. Letting G := Gal(F/F), it then follows from the formalism of infinite
Galois theory that

Gal(F*™*/F) =~ Gp/[Gp, Grl,

where the bar denotes topological closure for the profinite topology.

Theorem 8.0.3 (Kronecker-Weber). Fuvery abelian extension of Q is a subfield of a cyclotomic field. In
other words,

Q™ = J Q).

n>0

Since this is one of the possible final paper topics, I will not present the proof here.

Important note: there is, in general, no generalization of the Kronecker—Weber theorem to arbitrary F/Q!
In other words, we don’t have a general recipe for constructing the maximal abelian extension of a number
field. An old result, which is part of the theory of complex multiplication:

Theorem 8.0.4. Suppose F' is an imaginary quadratic field and E/Q is an elliptic curve whose endomor-
phism ring is End(E) =2 Op. Then

F** = F(j(E)u | Fw(En])

n>1

where E[n] denotes the n-torsion points of E in Q.
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There is also a similar description of F2P for F' a totally real field due to recent work of DasguptaKakde,
which has a much different flavor and involves p-adic integration.

The significance of the Q((,) is the fact that they are ray class fields for Q. To form a ray class field for
Q, simply pick a positive integer n. Then the ray class field for n is® the largest extension of Q unramified
away from n and with a ramification condition at p | n which depends on the exponent of p in n; this ray
class field ends up being Q(¢,).

If F/Q is a general number field, then instead of picking n > 0, one picks* an ideal m C Op; they ray class
field is then the largest abelian extension unramified at primes away from m and with certain prescribed
ramification conditions at primes dividing m, depending on the exponent. It is a general result of class field
theory that F2P is the union of the ray class fields for F. Describing them is a harder task.

Example 8.0.5. The first nontrivial example of a ray class field is the one corresponding to the trivial ideal
1. This gives the maximal abelian unramified extension of F', called the Hilbert class field. For instance, if
F = Q, then this ends up being Q itself! For F' imaginary quadratic and E an elliptic curve over Q with
complex multiplication by O, the Hilbert class field is F(j(E)). The Hilbert class field H/F is always a
finite extension and a consequence of class field theory tells us that

CI(F) = Gal(H/F).
In fact this map is exactly the one induced by the Artin symbol defined earlier in Definition 5.4.5.

More generally, the Artin symbol induces isomorphisms
CI™(F) &= Gal(F(m)/F)
where the CI™(F) are the so-called ray class groups, which are again finite groups.

All of this suggests an intimate relationship between the structure of (fractional) ideals in a number field,
and the abelian Galois extensions. This is exactly what class field theory aims to systematize.

In fact, for global fields this is done by defining something called the idéle class group, which knows about
all of the ray class groups at once.

8.1. Local class field theory. Thus far we’ve said a few words about class field theory for number fields,
specifically mentioning the Hilbert class fields and ray class fields, more generally.

But for local fields, one can ask the same question; how do you classify the finite abelian extensions of a
local field?

For @@, the Kronecker-Weber theorem still holds.
Theorem 8.1.1. FEvery finite abelian extension of K is contained in Q,(Cyn) for some n.

The proof, which we will not include, reduces to treating the prime power degrees of K/Q,, and then using
explicit case-by-case arguments. More generally, one can use Lubin—Tate theory to do explicit local class
field theory; this will be covered next semester.

Now, much like in the case of number fields, we want to be able to describe Gal(K /K) in terms of data that
is more intrinsic to the field. For number fields this is done by comparing with ray class groups, but in the
local case it is even simpler.

Theorem 8.1.2. For K/Q, a finite extension, there is a unique map recg : K* — G%}’ such that

o if g € K* is a uniformizer and L/K is finite unramified, then reck(mi )| acts on L as the
Frobenius automorphism.

3strictly speaking this is for n - oo, but ignore this subtlety for now.

4again, one also picks a subset of the real places, but ignore this for now
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e if L/K is finite abelian, then letting recy, i denote the composite K* ~“% G& — Gal(L/K), we
have that kerrecr, /= N gk K* and induces

Moreover, this induces an isomorphism

K* & Gal(K**/K)

The proof goes by constructing isomorphisms for finite extensions and then gluing them together. For the
finite extensions, we will see next semester that one reinterprets the isomorphism as a cup product in Galois
cohomology.

What can we say about the reciprocity map? Note that K * has a natural filtration by subgroups of the unit
group:
K205 D>1+mgDl4my D

So a natural question to ask is which subgroups of the Galois group does this correspond to? The answer can
be described in terms of something called the “ramification filtration” on G = G3°. For instance G_; = G,
Gy is the inertia group, and the next groups in the filtration generalize the inertia subgroup; this will be
explained in more detail next semester.

9. ANALYTIC CLASS NUMBER FORMULA

For the last part of the class we’re going to switch gears a bit and do something a bit more analytic. First,
let’s discuss the Riemann zeta function.

Definition 9.0.1. Let
1
Cals) = Z vy

n=1
where s € C is a complex number.
This function is of incredible importance in number theory. Some properties:
(1) The usual p-series convergence arguments imply that (g(s) converges for Re(s) > 1.

(2) On the other hand, it admits an integral representation

1 e o] xs—l
Co(s) = @/0 . 1dx.

for Re(s) > 1. Riemann used a similar integral (in fact, a contour integral) to extend (g(s) to the
entire complex plane, with a simple pole at s = 1.

(3) Co(s) admits an Euler product
1
Gols) =] T

obtained by an application of the fundamental theorem of arithmetic and the formula for a geometric
series.

(4) Co(s) satisfies a functional equation
Co(s) = 2°7°Lsin(ms/2)T(1 — s)¢(1 — )

which in particular (along with some properties of the I' function) implies that ((s) vanishes at
—2,—4,—6,.... These are called the trivial zeros.
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Easy corollary: there are infinitely many prime numbers.

If you are an an analytic number theorist, then this function has an extremely interesting link to the
distribution of prime numbers; specifically the Riemann hypothesis predicts that the non-trivial zeros of this
function lie on the line Re(s) = 1/2, and that these zeros can be used to reconstruct (a slightly modified
verison of) the prime counting function.

This sort of interplay between algebra, number theory and analysis has been vastly generalized to the
theory of L-functions. If you want to learn more about this theory and more modern perspectives, talk to
Yiannis.

So why would an algebraic number theorist care? Well, we put Q in the notation for a reason. Notably,
there is a natural generalization to an arbitrary number field.

Definition 9.0.2. If F' is a number field, then its Dedekind {-function is
1 1
Cr(s) = = "
&= > zm - U m—wp=

0CICOR pCOF

The second equality follows from unique factorization in Dedekind domains and the formula for geometric
series. Hecke proved that (r(s) also admits a meromorphic continuation to all of C, again with a unique
pole at s = 1 of order 1.

9.1. Special values. The Riemann zeta function displays some very remarkable special values. For in-
stance

¢(2) =7*/6.
The reciprocal can be interpreted as the probability that two randomly chosen integers are coprime. Apéry’s
constant

¢(3) =
shows up in quantum physics and thermodynamics. Don’t ask me how. The value

g(—1):—%(=1+2+3+---)

apparently shows up in string theory.
(_1)n+1B2n (27r)2n
2(2n)!

¢(2n) =
where Bs,, is the 2nth Bernoulli number and

((-n) = (-1t

Remark 9.1.1. These identities may look random and slightly bewildering, and one of the goals of modern
mathematics is to take identities of this form and restate them in more intuitive ways. Doing this, however,
requires diving deep into some of the most elaborate and intricate mathematical subjects.

Now let’s state the result we want to investigate.

Theorem 9.1.2 (Analytic class number formula).

lim (z — 1)¢r(s) = 2 2n) helte

z—1+ wF‘/‘DF|

where
e 1 is the number of real places of F

e s is the number of complex conjugate pairs of complex places of F

o hp=|Clp|
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e Rp is the requlator, which roughly measures the size of the free part of O}
o wp = [(OF)tors| is the number of roots of unity in F

e Dp is the discriminant of F/Q.

This is a truly stunning formula: it shows that a very simple-to-define analytic function actually combines
all of the most important arithmetic invariants of the field! Let’s define the regulator in order to prove it for

F=0Q.
Definition 9.1.3. Consider the map
Y — R
(zv)v = (log [|[Zo]v)
Remark 9.1.4. In the above definition we are viewing Fg = R” x C?, which is why the target of the map is

R"** rather than R™12°. In particular, we index z, by the real embeddings and pairs of complex conjugate
embeddings.

One can show that Of — Fp' — R""* lands in the hyperplane {(¢,): Y., ¢, = 0}. Moreover, Dirichlet’s
unit theorem says that the rank of O is 7 4+ s — 1, and one can show that its image is a full lattice under
the logarithm.

Definition 9.1.5. The regulator is the covolume of the image of Oj.

Example 9.1.6. So now take F' = Q. Then the right side becomes
2t (2m)0-1-1

2.1 N

The left hand side can be computed completely analytically, and is also equal to 1; the trick is to show that

Gals) = = +6(s)

1

where ¢(s) is holomorphic at 1.

9.2. Imaginary quadratic case. Now let’s consider an imaginary quadratic field F = Q(v/D)/Q. For
simplicity we will assume that D = 2,3 mod 4 so that O = Z[\/ﬁ]

In this case r = 0 and s = 1. This means that the regulator is the covolume of a lattice in R™t*~! = RY, so
Rp =1 again. Moreover, the discriminant Dp = 4D so the formula becomes
7ThF
lim (z —1 §) = ———
Jim (1) (s) = T
We can slightly simplify the left hand side by noting that (#(s) can be expressed using (p(s) and a Dirichlet
L-function associated with a character that cuts out the field F.

Definition 9.2.1. If x : (Z/N)* — C* is a Dirichlet character, then we define

Lo =S T

= ot S l=x(pe

Definition 9.2.2. Let xr denote the Dirichlet character of order 4D which is defined on prime numbers

p € Z by
xr(p) = <45>

and extended multiplicatively to all integers. In particular x r descends to a character xr : (Z/4DZ)* — C*.
This is called the quadratic character associated to F.
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Remark 9.2.3. One can show that F' C Q((4p), and moreover that xr can be computed as
Xr : (Z/AD)* = Gal(Q(C1p)/Q) — Gal(K/Q) = {£1}.

One can compute this directly, but it also falls out more easily as a consequence of class field theory.

Proposition 9.2.4. There is a decomposition
Cr(s) = Go(s)L(xr, s).
Proof. 1t suffices to show that
[T 1-Np) = =0-p)1-xr@p™).
p|pOF
We split into cases:
e If xz(p) = 1, then the right hand side is (1 — p~%)2. Also 4D is a square mod p so D is a square
mod p, so pOp splits into two primes, each of norm p, so the left hand side is the same.

o If xYz(p) = —1 then the right hand side is (1 — p~2%). Also D is not a square mod p, so pOp is inert
and thus has norm p?.

o If xr(p) = 0 then the right side is (1 — p~%). Also pOp = p?, and the norm of p is still p.

So the formula simplifies to
7ThF

Lixp,s) = ——F
(xF»$) wr /D]

I won’t actually prove this now; the proof can be reduced to estimating the number of lattice points in a
disk, which is an analytic number theory question.

Let’s see some consequences, though. By much more elementary methods, one can show:

Proposition 9.2.5.
4|D|-1

i
L(xp,1) = “SDpR > xrlr)r
1

r=

But this is a completely explicit formula! The only complicated thing is this formula is xr(r), but you can
program a computer to compute this pretty easily.

Exercise 9.2.6. Use this formula to write a computer program which computes the class number of Q(\/ﬁ)
for D =2,3 mod 4.

For instance, if D = —1 then this becomes
wh T T
=Ll 1) = — g (er(D) + 2xp(2) + 3xp(3) = — (1-3)

so hrp = 1.
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