
THE SPECTRAL ACTION, PART I

ASHWIN IYENGAR
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Notes by Carl Wang-Erickson, c.wang-erickson@imperial.ac.uk.

This talk will discuss Section 6 of XZ. The plan is to

(1) Discuss function field Langlands, where there are excursion operators
(2) Discuss how XZ apply the idea of these operators.

1. Motivation from the function field case

Let X/Fq be a smooth projective geometrically connected curve. Let F be its

function field. Let GF := Gal(F/F ). Let G be a split connected reductive group
over F , and let AF denote the F -adèles.

We want to understand

BunG(Fq) = G(F )\G(AF )/G(O),

where O :=
∏
v Ov and v varies over all places of F . We want to decompose

AutG := Ccusp
c (BunG(Fq),Q`),

with respect to the Hecke action: given any dominant coweight λ of G and a place
v of F , there is a Hecke operator

Tλ,v

acting on AutG.
In the G = GLn case, the decomposition gives the following result.

Theorem 1.1 (Drinfeld for G = GL2, L. Lafforgue for GLn). To each cuspidal
automorphic representation π (whose central character has finite order), there is a
unique Galois representation (whose determinant has finite order)

σπ : Gal(F/F )→ GLn(Q`)

which is unramified at each place x ∈ |X| where π is unramified, and such that
the eigenvalues of σπ(Frobx) are the same as the Hecke eigenvalues of πx for all
unramified places x.

The point is that by Chebotarev density, specifying the eigenvalues of the Frobenii
uniquely determines σ(π). But this doesn’t hold if we replace GLn with a more
general reductive group G: σ(π) may no longer be uniquely determined by the
Hecke action.

The solution of Vincent Lafforgue is to introduce excursion operators, which
include the Tλ,v as a subalgebra. But the algebra of excursion operators will be big
enough to uniquely determine the associated Galois representation.
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We study these excursion operators on the `-adic cohomology of some stacks of
shtukas. Given a finite set I (thought of as the number of “legs”), and an irreducible

representation W of ĜI , Lafforgue defines a moduli space of shtukas

ShtI,W ,

and cuts out a Q`-v.s.

HI,W

from the `-adic cohomology of ShtI,W .
This has some nice properties.

(1) It is functorial in W
(2) For any map I → J of index sets, there exists

HI,W −→ HJ,WJ

(which turns out to be an isomorphism) where W J is a ĜJ -representation
via

ĜJ → ĜI

via (gj)j 7→ (gφ(i))i.

(3) HI,W has a (GF )I -action.

For example, for ∅ → {0}, there is

H∅,1
∼−→ H{0},1.

And we are interested in H∅,1 because

Proposition 1.2. H∅,1 ∼= AutG.

An excursion is the following. Given a function

f : Ĝ(Q`)\Ĝ(Q`)I/Ĝ(Q`) −→ Q`,

(quotient is taken with respect to the diagonal action) and elements (γi)I ∈ GF ,

(1) pick an irreducible representation W of ĜI and x ∈W , ξ ∈W ∗ such that

f((gi)I) = 〈ξ, (γi) · x〉.

(2) Put together

H∅,1 ∼= H{0},1
x→ H{0},W{0}

∼→ HI,W
(γi)I−→ HI,W

∼→ H{0},W{0}
ξ→ H{0},1 ∼= H∅,1.

To see that this is a suitable generalization of a Hecke operator, note the following
Proposition.

Proposition 1.3. Fix a highest weight representation Vλ, and let I = {1, 2}. Let
f : (g1, g2) 7→ χVλ(g1g

−1
2 ). Fix a place v of F . For (γ1, γ2) = (Frobv, 1), we have

S{1,2},f,(Frobv,1) = Tλ,v.
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2. Application of these ideas in XZ

We recall the setting.

• Local field F ⊃ O.
• G/O is unramified.

• Ĝ/Q`, the Langlands dual.

• The action of GF on Ĝ reduces to an action of Frob.
• We can define a L-group

LG := Ĝo 〈σ〉.

Looking at Ĝσ ⊂ LG, this has an Ĝ-action

g · h = ghσ(g−1).

Given any V ∈ Rep(G), we can define a trivial vector bundle

V × Ĝσ −→ Ĝσ,

and endow it with a Ĝ-action. In particular, this takes

g · (v, hσ) = (g · v, ghσ−1(g)σ).

This is a Ĝ-equivariant vector bundle on Ĝσ,

Ĝ× V × Ĝσ //

��

V × Ĝσ

��
Ĝ× Ĝσ // Ĝσ

This construction defines a functor

Rep(Ĝ) −→ CohĜ(Ĝσ).

The upshot is that we can make this definition.

Definition 2.1. We let CohĜfr(Ĝσ) be the essential image of this functor. Given

V ∈ Rep(Ĝ), its image in this category is denoted Ṽ .

Theorem 2.2 (Thm. 6.0.1 of XZ). (1) There exists a functor

S : CohĜfr(Ĝσ) −→ PCorr(Shtk̄)

such that the following diagram commutes

Rep(Ĝ)
Sat //

V 7→Ṽ
��

P (Heckek̄)

Φ

��
CohĜfr(Ĝσ)

S
// PCorr(Shtk̄)

(2) We have S(1̃) = δ1 (which is defined to be the image of IC0 in P (Shtk̄))
and

(OĜσ)Ĝ = End
CohĜfr(Ĝσ)

(1̃)
S−→ End(δ1) = HG ⊗Q`

(where the right equality was in Rebecca’s talk last time) concides with the
classical Satake isomorphism.
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Here “Sat” is geometric Satake, the left downward arrow is the V 7→ Ṽ we just
discussed. Φ is the map from the Hecke stack to the stack of shtukas corresponding
to the forgetful functor.

Then it is natural to ask about what morphisms in CohĜfr(Ĝσ) are not in Rep(Ĝ).

• S on objects is S(Ṽ ) = Φ(Sat(V )).
• S on morphisms is the question.

For example, what is Hom
CohĜ

(Ṽ1, Ṽ2)? Well,

Hom
CohĜ

(Ṽ1, Ṽ2) = HomCoh(Ṽ1, Ṽ2)Ĝ

= HomOĜσ (OĜσ ⊗ V1,OĜσ ⊗ V2)Ĝ

= HomQ`(V1,OĜσ ⊗ V2)Ĝ

= (OĜσ ⊗ V
∗
1 ⊗ V2)Ĝ.

Note that the structure sheaf has a Frobenius twist, which thereby gives rise to
a Frobenius action on some objects later, which is then important for making an
excursion operator.

Remark 2.3. The analogy with the function field case of Lafforgue is that Laf-
forgue’s f, (γi)I corresponds to a ∈ Hom

CohĜ
(Ṽ1, Ṽ2), σ. This is why we introduced

Lafforgue’s construction of excursion operators. Maybe one interesting thing to
note is that the interesting choices of excursion operators in this context are really
the elements of Hom

CohĜ
(Ṽ1, Ṽ2), rather than the Galois element, since we always

choose Frobenius.

Next, we need a few definitions in order to move forward.

Definition 2.4. • If V ∈ Rep(Ĝ), then V ∼=
⊕
Vλi , and the image under

the geometric Satake isomorphism Sat(V ) is supported on GrV :=
⋃
i Grλi .

• As in James’s talk, we also have

GrV1|V2
= GrV1 ×Gr GrV2 .

• HkV = [L+G\Grv]
• HkV1|V2

= [L+G\GrV1|V2
]

This is a computation I didn’t have time to unpack.

Proposition 2.5 (Prop 3.4.4 of XZ). Geometric Satake descends to an isomor-
phism of morphisms

HomĜ(V1, V2)
∼−→ CorrHk0

V1|V2
(Sat(V1),Sat(V2))

which in turn is isomorphic via Φ to CorrShtV1|V2
(S(Ṽ1, Ṽ2)).

Recall from James’s talk the “partial Frobenius” map

F : Shtµ1,...,µt
F−→ Shtσ(µt),µ1,...,µt−1

.

given by cyclically permuting once, and then apply Frobenius to one coordinate.
On bundles, this amounts to

(Et
βt
99K · · · 99K E1 99K σEt) 7→ (Et−1 99K · · · 99K E1 99K σEt 99K σEt−1).

This operation is obviously invertible. So
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Proposition 2.6. This induces a correspondence

DΓF−1 : (ShtσV2�V1
, S(σ̃V2 � Ṽ1) −→ (ShtV1�V2

, S(Ṽ1 � Ṽ2))

where if we have W ∈ Rep(Ĝ),

σW is given by Ĝ
σ−1

−→ Ĝ −→ GL(W ).

To conclude the talk, I’ll discuss the construction of the excursion operator. It
will be not exactly correct, but then I’ll indicate how to fix it.

We use the fact that if a group scheme G acts on a scheme X, then there is a
representation of G on OX . This is in general infinite dimensional.

Now recall that

Hom
CohĜ

(Ṽ1, Ṽ2) ∼= (OĜσ ⊗ V
∗
1 ⊗ V2)Ĝ.

To fix this, you have to make this infinite-dimensional thing into the right colimit.
One picks some finite-dimensional subs, and then proves that it is OK to do that.
For now, we’ll proceed as if OĜσ is finite-dimensional.

Firstly, define a Ĝ-equivariant map

Ĝ× Ĝ −→ Ĝσ, (h1, h2) 7→ σ(h1)−1σ(h2)σ,

where we have the usual action on the RHS and the LHS action is

g · (h1, h2) = (h1σ
−1(g−1), h2g

−1).

Thuse we have

OĜσ −→ σOĜ ⊗OĜ.
This induces

dσ : (OĜσ ⊗V
∗
1 ⊗V2)Ĝ −→ (σOĜ⊗OĜ⊗V

∗
1 ⊗V2)Ĝ ∼= HomĜ(V1, σOĜ⊗OĜ⊗V2).

There’s a map from point to Ĝ× Ĝ given by the identity element, so we have

ev1,1 : OĜ ×OĜ −→ 1.

Given a ∈ (OĜσ ⊗ V ∗1 ⊗ V2)Ĝ, we get

Sa : S(Ṽ1)
C(dσ(a))−→ S(σ̃OĜ � (Ṽ2 ⊗ ÕĜ))

DΓF−1−→ S((Ṽ2 ⊗OĜ)�OĜ)
C(ev1,1)−→ S(Ṽ2).

where C = Φ ◦ Sat. Here C(dσ(a)) is to be compared with the creation operator,
DΓF−1 with the Galois action, and C(ev1,1) with the annihilation operator.

Note what we really do is find a W such that a is in the image of the right map
in the following diagram, then similarly define a map Ξa in the following diagram:

HomĜ(σW ⊗ V1 ⊗W,V2)

Ξatt **
MorPCorr(S(Ṽ1, Ṽ2)) (OĜσ ⊗ V ∗1 ⊗ V2)Ĝ.

and then show it’s independent of choices.

Proposition 2.7. This turns S into a functor.
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See the proof in XZ, Lemma 6.2.7.
Next, we want to show that the diagram of Theorem 2.2 commutes. We repro-

duce it here:

Rep(Ĝ)
Sat //

V 7→Ṽ
��

P (Heckek̄)

Φ

��
CohĜfr(Ĝσ)

S
// PCorr(Shtk̄)

The diagram commutes on objects by definition. On morphisms, note that if we
choose W = 1 in the diagram before Prop 2.7, then we get the down-right direction
in the diagram on morphisms. But in this case, note that ev1,1 is the identity, dσ
is the identity, and the partial Frobenius is as well, because they all depend on the
representation W being nontrivial. Therefore,

Sb = C(a) = Φ(Sat(a))


