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A CLASSIFICATION OF IRREDUCIBLE ADMISSIBLE
MOD p REPRESENTATIONS OF
p-ADIC REDUCTIVE GROUPS

N. ABE, G. HENNIART, F. HERZIG, AND M.-F. VIGNERAS

ABSTRACT. Let F' be a locally compact non-archimedean field, p its residue charac-
teristic, and G a connected reductive group over F'. Let C an algebraically closed
field of characteristic p. We give a complete classification of irreducible admissi-
ble C-representations of G = G(F), in terms of supercuspidal C-representations of
the Levi subgroups of GG, and parabolic induction. Thus we push to their natural
conclusion the ideas of the third-named author, who treated the case G = GL,
as further expanded by the first-named author, who treated split groups G. As in
the split case, we first get a classification in terms of supersingular representations
of Levi subgroups, and as a consequence show that supersingularity is the same as
supercuspidality.
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I. INTRODUCTION

I.1. The study of congruences between classical modular forms has met considerable
success in the past decades. When interpreted in the natural framework of automor-
phic forms and representations, such congruences naturally lead to representations
over fields of positive characteristic, rather than complex representations. In our local
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setting, where the base field is a locally compact non-archimedean field F', this means
studying representations of G = G(F'), where G is a connected reductive group over
F', on vector spaces over a field C' of positive characteristic p, which we assume alge-
braically closed. As C is fixed throughout, we usually say representation instead of
representation on a C-vector space or C-representation.

Our representations satisfy natural requirements: they are smooth, in that every
vector has open stabilizer in G (smoothness is always understood for representations
of G or its subgroups), and most of the time they are admissible: a representation of
G on a C-vector space W is admissible if it is smooth and for every open subgroup J
in G, the space W+ of vectors fixed under J has finite dimension. The overall goal is
to understand irreducible admissible representations of G.

If £ is the residue characteristic of I, the situation depends very much on whether
£ is equal to p or not. Indeed, G has an open subgroup which is a pro-¢ group, and
when ¢ # p such a group acts semisimply on smooth representations, whereas if £ = p
it acts semisimply only if it acts trivially! Here we consider only the case ¢ = p (see

e.g. for the case ¢ # p).

I1.2. Thus we assume from now on that I’ has residue characteristic p. In this paper
we classify irreducible admissible representations of G in terms of parabolic induction
and supercuspidal representations of Levi subgroups of G. Such a classification was

obtained for G = GLy in the pioneering work of L. Barthel and R. Livné [BL1l BL2]
— see also some recent work [Abdl [Chel Kol [KX] on situations where, mostly, G
has relative semisimple rank 1.

New ideas towards the general case were set forth by the third-named author [Hell,
[He2], who gave the classification for G = GL,, over a p-adic field F; his ideas were
further expanded by the first-named author [Abe] to treat the case of a split group
G, still over a p-adic field F. T. Ly extended the arguments of [Hell [He2] to treat
G = GL3,p where D is a division algebra over I, allowing F' to have characteristic p.
Here, using the first steps accomplished in [HVI] [HV2], we treat general G and F.

I1.3. To express our classification, we recall parabolic induction. If P is a parabolic
subgroup of G and 7 a representation of P on a C-vector space W, we write Indg T for
the natural representation of G, by right translation, on the space IndIG; W of smooth
functions f : G — W such that f(pg) = 7(p)f(g) for p in P, g in G. The functor Ind%
is exact. In fact we use Ind}Gp 7 only when 7 comes via inflation from a representation
o of the Levi quotient of P, and we write Ind% o instead of Ind% 7. A representation
of GG is said to be supercuspidal if it is irreducible, admissible, and does not appear
as a subquotient of a parabolically induced representation Indg o, where P is a proper
parabolic subgroup of G and ¢ an irreducible admissible representation of the Levi
quotient of P

First we construct irreducible admissible representations of G. The construction uses
the “generalized Steinberg” representations investigated by E. Grofie-Klénne [GK] and
the third-named author [He2] when G is split, and by T. Ly in general: for any
pair of parabolic subgroups Q C P in G, Stg is the natural representation of P in

the quotient of Indg 1 by the sum of the subspaces Indg/ 1, for parabolic subgroups @’
with Q@ € Q' C P; the representation Stg factors through the unipotent radical Up of

gézl; of its reductive quotient studied in [GK| [Ly1],

Slo) Stg is irreducible and admissible (loc. cit.).

P and gives the representation St

1See Section [VI] for why we cannot drop the requirement that o be irreducible admissible.
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Start with a parabolic subgroup P of G, with Levi quotient M, and a representation
o of M. Then there is a largest parabolic subgroup P(o) of G, containing P, such
that o inflated to P extends to P(c) (see [L1). That extension is unique, we write
it €o; it is trivial on the unipotent radical of P(o). It is irreducible and admissible
if o is. We consider triples (P,o0,Q): a triple consists of a parabolic subgroup P
of G, a representation o of the Levi quotient M of P, and a parabolic subgroup
Q of G with P C @ C P(0); we say that the triple is supercuspidal if o is a
supercuspidal representation of M. To a triple (P, o, Q) we associate the representation

I(P,0,Q) = Ind%, (‘o @ St ).

Theorem 1. For a supercuspidal triple (P,o0,Q), I(P,0,Q) is irreducible and admis-
sible.

Theorem 2. Let (P,0,Q) and (P',0',Q") be supercuspidal triples. Then I(P,o,Q)
and I(P',0',Q") are isomorphic if and only if there is an element g of G such that
P'=gPg !, Q' =gQg "' and o' is equivalent to p' — o(g~'p'g).

Theorem 3. Any irreducible admissible representation of G is isomorphic to I(P, o, Q)
for some supercuspidal triple (P, o, Q).

Hopefully the classification expressed by these theorems will be useful in extending
the mod p local Langlands correspondence beyond GL2(Q),).

I.4. Using the classification results above, it is possible to describe the irreducible
components of Indga where P is a parabolic subgroup of G and ¢ an irreducible
admissible representation of the Levi quotient M of P; in particular we show that
Indga has finite length and that all its irreducible subquotients are admissible and
occur with multiplicity one.

Also we have a notion of supercuspidal support: if (P,0,Q) is a supercuspidal
triple, then 7 = I(P,0,Q) occurs as a subquotient of IndIGpa and if 7w occurs as a
subquotient of Indg, o’ for a supercuspidal representation ¢’ of (the Levi quotient of)
a parabolic subgroup P’ of G then (P’, ') is conjugate to (P,o) in G as in Theorem
2. Tt is the conjugacy class of (P, o) that we call the supercuspidal support of .

Remark The classification and its consequences are rather simpler than for complex
representations: intertwining operators do not exist in our context; this “explains” the
multiplicity one result above, which does not hold for complex representations [Ze].
By contrast, supercuspidal mod p representations remain a complete mystery, apart
the case of GLy(Q,) [Bx] and groups closely related to it [Abdl [Chel Kol KX].

The existence of a supercuspidal support for complex irreducible representations is
a classical result; for mod ¢ representations with ¢ # p it is unknown (even for finite
reductive groups of characteristic p outside the case of general linear groups), except for
inner forms of GL,,(F') where, as above, it is not proved directly but is a consequence
of the classification of irreducible representations.

I1.5. As in [He2l [Abe] our classification is not established directly using supercuspi-
dality. Rather we get a classification in terms of supersingular representations of Levi
subgroups of G — the term was first used by Barthel and Livné for G = GLy(F) — and
deduce Theorems 1 to 3 from it. To define supersingularity, we need to make some
choices, and a priori the notion depends on these choices.

So we fix a maximal F-split torus S in G and a special point xg in the apartment
corresponding to S in the semisimple Bruhat-Tits building of G; we let K be the
special parahoric subgroup of G corresponding to xg. We also fix a minimal parabolic
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subgroup B of G with Levi subgroup Z, the F-points of the centralizer of S, and we
write U for the unipotent radical of B.

Let V' be an irreducible representation of K — it has finite dimension. If (7, W) is an
admissible representation of G, then Hompg(V,W) is a finite-dimensional C-vector
space; by Frobenius reciprocity Hompg (V, W) is identified with Hom(;(ind%; V,W),
where ind?( denotes compact induction, so that Homg (V, W) is a right-module over
the intertwining algebra Hg(V) = Endg(ind% V) of V in G. If Homg (V, W) is not
zero we say that V is a weight of ; in that case the centrdd Z¢(V) of He(V) has
eigenvectors in Homg (V, W), and we focus on the corresponding characters of Zg(V),
which we call the (Hecke) eigenvalues of Z¢ (V) in 7.

For any parabolic subgroup P of G containing B, with Levi component M containing
Z and unipotent radical N, the space of coinvariants Vynx of NN K in V provides an
irreducible representation of M N K and by [Hell [He2l [HV2] there is a natural injective
algebra homomorphism

S5 Ha(V) = Hu(Vink)-
It induces a homomorphism between centres Z¢(V) — Zp(Vnk ). Both homomor-
phisms are localizations at a central element. A character x : Z¢(V) — C is said
to be supersingular if, in the above situation, it can be extended to a character of
Zy(Vnngk) only when P = G. A supersingular representation of G is an irreducible
admissible representation (7w, such that for all weights V of 7, all eigenvalues of
Z¢(V) in 7 are supersingulaifi.

A triple (P,0,Q) as in is a B-triple if P contains B; it is said to be supersin-
gular if it is a B-triple and ¢ is a supersingular representation of the Levi quotient
of P.

Theorems 1 to 3 are consequences of the following results.

Theorem 4. For each supersingular triple (P,o,Q), the representation I(P,o,Q) is
irreducible and admissible. If w is an irreducible admissible representation of G, there
is a supersingular triple (P, o, Q) such that 7 is isomorphic to I(P,o,Q); moreover P
and Q) are unique and o is unique up to isomorphism.

Theorem 5. Let m be an irreducible admissible representation of G. Then 7 is super-
cuspidal if and only if it is supersingular.

(For G = GLy this was discovered by Barthel and Livné.)

Note that Theorem 5 implies, in particular, that the notion of supersingularity does
not depend on the choices of S, K, B necessary for the definition — beware that in
general two choices of K will not even be conjugate under the adjoint group of G.

Remarks 1) We also show that, if 7 is an irreducible admissible representation of G,
and for some weight V' of 7 there is an eigenvalue of Z5 (V') in 7 which is supersingular,
then 7 is supersingular /supercuspidal.

2) Let (P,0,Q) be a supersingular (or supercuspidal) B-triple. Then I(P,0,Q) is
finite dimensional if and only if P = B and @ = G.

I.6. As in [He2] and [Abe], a lot of our arguments bear on the relation between
parabolic induction in G and compact induction from K to G.

2Note that He (V') is commutative in many cases, for example when G is split, but not in general
[EYT).

3That is consistent with the definition in [He2l [Abe]; but the reader should be aware that the
definition in [HV2] is slightly different, maybe not equivalent.
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Let V' be an irreducible representation of K, and let P be a parabolic subgroup of
G containing B, with Levi component M containing Z, and unipotent radical N. In

[HV2], inspired by [Hell, [He2l, a canonical intertwiner
7 : ind$% V — Ind%(ind3 - x Vi)

was investigated. In fact the morphism S§ of [[His such that for f in ind% V and @
in He(V') we have

Z(®(f)) = S5 (@) (Z(f)).
where the action of S§/(®) on Z(f) is via its natural action on ind}fx Vrx. Under

a suitable regularity condition of V' with respect to P [HV2], cf. [IL14] Theorem, T
induces an isomorphism

x @ ind% V = nd%(x @ ind3 -k Vivek)

for any character x of Zg(V') which extends to Zp;(Vynk): such an extension is
unique, we still denote it by x; the first tensor product is over Z5(V'), the second one
over Zyr(Vnnk). Here we obtain a generalization of that result, which we now proceed
to explain.

We consider an irreducible representation V' of K, and a character x : Zg(V) — C.
There is a smallest parabolic subgroup P containing B — we write P = M N as above
— such that x extends to a character, still written x, of Z5/(VNnx); there is a natural
parabolic subgroup P., containing P, such that the representation y ® (ind%m x VNAK)
of M, inflated to P, extends to a representation of P, — write ¢(y @ ind}}- ;- Vanx) for
that extension. Using similar notation as in [3] we write I.(P, x ® indt s Vg, Q)
g(j)r Ind%(%x@ind%m K VNAK) ® Stge) when @ is a parabolic subgroup between P and

..

Theorem 6. With the previous notation, T = x ® ind?( V' has a natural filtration by

subrepresentations 1o, where Q) runs through parabolic subgroups of G' with P C @ C

P, and 7¢p C 7¢q if Q" C Q. The quotient 7q/ Y 7q is isomorphic to I.(P,x ®
Q'CQ

ind}fnx Vivor, Q).

This last theorem should be compared to the following (the proof, in Chapter [V]
explains that comparison). Let 7 = Ind%(x ® ind{}-;c Virr). It also has a natural
filtration by subrepresentations mg for @ as above, but this time 7y C 7o if Q" D Q,
and the quotient g/ > 7 is isomorphic to I(Pe, x @ ind}fx Vank, Q). In partic-

D
ular the filtrations on%?ﬁd 7 give rise to the same subquotients, but in reserve order,
so to say. (We note that the representation 7y above corresponds to the representation
I in Chapter [V])

A striking example is when V' is trivial character of K and x is the “trivial” character
of Z¢(V) = Hg(V): in that case P = B = ZU, P, = G, and x ® indZx Vinr is
the trivial character of Z. In m = Ind%1, the trivial character of G occurs as a
subrepresentation and the Steinberg representation Stg as a quotient, whereas the
reverse is true in y ® ind% 1.

Theorem 6 is new even for GL,, (n > 2). A weaker version of this theorem is proved
in [Abel Proposition 4.7] when G is split with simply connected derived subgroup and
P = B (and in [BL2] in the further special case when G = GLg). On the way, following
the ideas of [Abe], we prove the freeness of Ry ®z,(v) ind% V as Rjy;-module, where
Ry denotes the “supersingular quotient” of Z3;(Vynk). This may be of independent
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interest. Again this result was established for G = GLy in [BLI], but see also the

recent paper [GK2].

1.7. To prove Theorem 4 we follow the same strategy as in [He2, [Abe|. If (P, 0, Q)
is a supersingular triple, we need to prove that 7 = I(P,0,Q) is irreducible; that
is done by showing that for any weight V' of 7 and any eigenvector ¢ for Z5(V) in
Hompg (V, ) with corresponding eigenvalue x, 7 is generated as a representation of
G by the image of ¢. When V' is suitably regular, that is seen as a consequence of
the isomorphism x ® ind% V' ~ Ind%(y ® ind}} - Vini) recalled in [[G above (see
MILI4). We reduce to that suitably regular case by using a change of weight theorem,
which gives explicit sufficient conditions on V', V', and y for having an isomorphism
x ®@ind%V ~ x ®ind% V. (Here V' is an irreducible representation of K that is
“slightly less regular” than V' and such that (V')ynx ~ Vunk.) We refer the reader to
Sections V.21 for the precise statement and its use in the proof of Theorem 4.

The main novelty in our methods is our proof of the change of weight theorem. It is
also the hardest and most subtle part of our arguments. Previously, for split groups,
a version of this theorem was established in [He2, §6] and [Abel §4] by computing
the composition of two intertwining operators and applying the Lusztig—Kato formula.
We do not know if this approach can be generalized. Our new proof does not involve
Kazhdan—Lusztig polynomials, but rather proceeds by embedding ind% Vv, indf( V' into
the parabolically induced representation X = Ind%(ind%x 1y ) using the intertwiner
T of [L6l where ¢y : Z N K — C* describes the action of ZN K on Vyng ~ (V' )unk-
The representation ind% V' contains a canonical (up to scalar) fixed vector under a
pro-p Iwahori subgroup I C K which generates ind%V as a representation of G,
and similarly for indf( V’.  Our proof then studies the action of the pro-p-Iwahori
Hecke algebra Endg(ind$ 1) on X7 to relate the two compact inductions inside X. We
crucially rely on the description of the pro-p-Iwahori Hecke algebra recently given for
general G by the fourth-named author in [Vig4], in particular the Bernstein relations
in this algebra.

We arrive at a dichotomy in [V.] Theorem and Corollary, namely our change
of weight results depend on whether or not ¢y is trivial on a certain subgroup of
Z N K. When G is split, the triviality is always guaranteed, but that is not always so
for inner forms of GL,, Lemme 3.10.1] and even for unramified unitary groups in
3 variables. This dichotomy may explain why we did not find an easy generalization
of the previous proofs for split G.

I.8. Let m be an irreducible admissible representation of G, P = M N a parabolic
subgroup of GG, and 7 an irreducible admissible representation of M inflated to P. In a
sequel to this article we will apply our classification to tackle natural questions as the
computation of the N-coinvariants or the P-ordinary part of 7, the description of the
lattice of subrepresentations of Indg 7, the generic irreducibility of the representations
Indg 7x where y runs over the unramified characters of M (this question was raised

by J.-F. Dat).

1.9. We end this introduction with some comments on the organization of the paper.
In Chapter [l we fix notation and we examine when a representation of a parabolic
subgroup of G, trivial on its unipotent radical, can be extended to a larger parabolic
subgroup. For a triple (P,0,Q) as in [[3] we construct I(P,o,Q) and show that it
is admissible if o is. In Chapter [IIl we give most of the proof of Theorem 4. The
irreducibility proof was outlined in [[7] The proof that = = I(P, 0, Q) determines P,
@, and o up to isomorphism comes from examining the possible weights and Hecke
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eigenvalues for 7 ([IL24]). Finally to prove that every irreducible admissible represen-
tation 7 of G has the form I(P, o, Q) we use the filtration theorem (Theorem 6). The
proof of the change of weight theorem is given in Chapters [V} this is the technical
heart of our paper. In Chapter [Vl we deduce the filtration theorem from the change
of weight theorem. We trust that the reader will see easily that there is no loop in
our arguments. Finally Chapter [VI] gives the proof of Theorems 1, 2, 3, 5 and other
consequences of the classification, already stated in [[4l That section can essentially
be read independently, taking Theorem 4 for granted.

Acknowledgments We thank the following institutions, where part of our work was
carried out: IHES, IMJ Paris 7, IMS Singapore, MSRI, Paris 11.

II. EXTENSION TO A LARGER PARABOLIC SUBGROUP

II.1. Let us first fix notation, valid throughout the paper. As stated in the introduc-
tion, our base field F' is locally compact and non-archimedean, of residue characteristic
p; its ring of integers is O, its residue field k, and ¢ is the cardinality of k; we write | |
for the normalized absolute value of F'.

A linear algebraic group over F' will be written with a boldface letter like H, and its
group of F-points will be denoted by the corresponding ordinary letter H = H(F )E

We fix our connected reductive F-group Gil, and a maximal F-split torus S in G;
we write Z for the centralizer of S in G, A for its normalizer, and Wy = W (G, S)
for the Weyl group N'/Z; we recall that Wy = N/Z [Bal 21.2 Theorem]. We also fix
a minimal F-parabolic subgroup B of G with Levi subgroup Z, and write U for its
unipotent radical. As is customary, we say that P is a parabolic subgroup of G to
mean that P = P(F'), where P is an F-parabolic subgroup of G. If P contains B, we
usually write P = M N to mean that M is the Levi component of P containing 7, and
N the unipotent radical of P; we then write P, = M N, for the parabolic subgroup
opposite to P with respect to M; in particular B,, = ZUqp.

We let @ be the set of roots of S in G, so ® is a subset of the group X*(S) of
characters of S; we let ® be the subset of roots of S in U, called positive roots, and
A for the set of simple roots of S in U. If X, (S) is the group of cocharacters of S we
write (, ) for the natural pairing X*(S) x X,(S) — Z; for a in @, the corresponding
coroot [SGA3] exposé XX VI, §7] is written a¥ and for I C ® we put IV = {a" | @ € I}.
We choose a positive definite symmetric bilinear form on X*(S) ®z R, invariant under
Wo, which induces a notion of orthogonality between roots; for roots «, 8 we have
a L B if and only if (a, 8Y) = 0.

For v in ® we write U, = U, (F), for the corresponding root subgroup (U, is written
Uiy in [Bo, §21]), and s, € Wy for the corresponding reflection. For I C A we let W;
be the subgroup generated by {s, | @ € I}, N7 for the inverse image of W in N, Py for
the parabolic subgroup UNU (it contains B), P = M Ny for its Levi decomposition,
M containing Z; if I is a singleton {a} we rather write P, = M,N,. We set Ap =T
if P = P;. We note that for I, J C A, Piny = PrN\ Py, Miny = M0 Mj.

II.2. As announced in the introduction, we tackle here a preliminary question: if P
is a parabolic subgroup of GG and ¢ a representation of P trivial on its unipotent radical
N, when can o be extended to a larger parabolic subgroup @ of G? Dividing by the
unipotent radical of ), which is contained in N, we loose no generality in assuming

“We shall use a similar convention for groups over k.
5G is fixed, but otherwise arbitrary, so the results we establish for G can be applied to other
reductive groups over F.
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that Q@ = G. If o extends to GG, then any extension has to be trivial on the normal
subgroup (¢ N) of G generated by N, so that o has to be trivial on PN (“N). So we
need to understand what (“N) is. That question, which involves no representation
theory, with be dealt with presently.

11.3. Of particular importance in our setting will be the subgroup G’ of G' generated
by U and U,,. Beware that the notation, which will be applied to other reductive
groups (like the Levi subgroups of G), is unusual, and that G’ is not generally the group
of points over F' of a reductive subgroup of G: this occurs already for G = PGLs.
Since G is generated by U, Usp, and Z, see e.g. [BoTl, Proposition 6.25], G’ is normal
in G so is also the subgroup of G generated by the unipotent radicals of the parabolic
subgroups of G, and we have G = ZG'. Sometimes we have G’ = G, though.

Proposition Assume that G is semisimple, simply connected, F-simple and isotropic.
Then G' = G, and G has no non-central proper normal subgroup. Besides, 7 is
generated by the Z N M!,, a running through A.

Proof The first assertion is due to Platonov Theorem 7.6] and the second one
then follows from work of Tits Theorem 7.1]. The final assertion is due to Prasad
and Raghunathan [PrR] — actually their result is valid over any field. [J

Remark Let G be as in the proposition, let « € A and G, the subgroup of G
generated by U, and U_,; since G, satisfies the hypotheses of the proposition, we
have M/, = G., = G,.

II.4. To understand G’ in general we need the simply connected covering G*¢ of
the derived group G9 of G. Recall that G is the direct product of its F-simple
components. We let B be an indexing set for the isotropic F-simple components of
G and for b € B we write G, for the corresponding component. We put Gi* = II Gy,

beB
and denote by ¢ the natural homomorphism G — G, factoring through G — G5¢ —
Gdr - G.

We need to understand the relation between parabolic subgroups of G and para-
bolic subgroups of G'®. The following comes from [Bal §21, §22], going through the
factorization of ¢.

The connected component of :~1(S) is a maximal F-split torus S of G, and S
is the product of 1(S) and the maximal F-split torus in the centre of G. The cen-
tralizer of S in G is Z = ~'(Z), its normalizer N = (N, and ¢ induces an
isomorphism W (G®*,S) = W(G,S) (see in particular [Bo, 22.6 Theorem]); in partic-
ular Wy has representatives in ¢(G™). As G is a direct product HGb (over b € B)
we have correspondlng natural decomposmons S = I S,, Z = II Zy, N = HN p and
W(G®,8) = [[W(Gs,S;). Note that t(Gy) is normal in G for each b € B.

The map P — P = 1~1(P) is a bijection between F-parabolic subgroups of G
and F-parabolic subgroups of G5, and ¢ induces an isomorphism (cf loc. cit.) of the
unipotent radical N of P onto the unipotent radical N of P. Also, M = ;~ (M) is the
Levi component of P containing Z. In particular B = ¢ ~1(B) is a minimal F-parabolic
subgroup of G; it is the direct product of minimal parabolic subgroups B, of Gb,
and its unipotent radical U is the direct product of the ﬁb, with U, the unipotent
radical of By. Via ¢ we get an identification] of the roots of S in U with the roots of
S in U, so that A, in particular, also appears as the set of simple roots of S in U; as

6More precisely the natural map S — S induces a group ‘homomorphism X*(S) —» X* (S) through
which the roots of S in U are identified with the roots of S in U. By [SGA3, Exp. XXVI, 7.4] if a
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such A is a disjoint union of the sets Ay, b € B, where Ay is the set of roots of S (or
Sb) in U,; that partition of A is the finest partition into mutually orthogonal subsets.
Those subsets are the connected components of the Dynkin diagram of G (with set of
vertices A) so we can view B as the set of such components.

Proposition G’ = ((G™).
Indeed by [L3] Proposition we have ég = G for each b € B so (G*) = G™; since ¢
induces an isomorphism of U onto U and U,y onto Uy, we get G' = o(G*). O

Note that the proposition implies that Z N G’ = L(Z ).

II.5. Notation For I C A, set B(I) ={be B|INA, # Ap}.
Proposition Let I C A. Then the normal subgroup (9 Ny) of G generated by Ny is

o T Gw).

beB(I)

Proof We have N; = II (]\71 N éb) and N; N Gy, is the unipotent subgroup of Gy,
beB

corresponding to I NA, C A, For b € B — B(I), Ny N Gy is trivial; for b in B(I),

N;NGy is non-trivial, and provides a non-central subgroup of Gy, so by [L3 Proposition

the normal subgroup of G'® generated by N; N Gy is Gy; the proposition follows. [

Corollary
() P (9N = J] (PrnGy)),
beB(I)
(i) My (N =[] (M1 Gy)),
beB(I)

(iii) M (CNp) =G,
(iv) (YNy) contains Ny op.

Proof Parts (i) and (ii) are immediate consequences of the previous considerations.
Let us prove (iii). From the proposition (“Nj) contains ¢(Gy) for b € B(I), but for
be B—B(I), M; contains +(G}), so finally M;(“Nj) contains «(G®) = G'. Since M
contains Z and G = ZG', we get (iii). Part (iv) follows from the proposition because
N[,op is L( H (Nl,op N Gb)) U

beB(I)

Remark For b € B, M; N Gy can be also described as the product HMAC over the

C
connected components ¢ of the Dynkin diagram obtained from that of Gy by deleting
vertices outside I. (We note that the product is not direct.)

I1.6. There is another useful characterization of My N (% Ny).

Proposition Let I C A. Then M7 N (SNy) is the normal subgroup of M; generated
by Z N\ M., for a running through A — I.

Proof Let a € A — 1T and let b € B be such that a € A, so that M/, C «(Gy).
As o ¢ I, b belongs to B(I) so t(Gy) is included in (“N;) by [LH Proposition, and
consequently ZNM! < M;n{%Ny). To prove that M;N{%Ny) is the normal subgroup
of My generated by the Z N M/, « € A — I, it is enough, by loc. cit., to work within

is a root of S in U and & the corresponding root of S in U, then & goes to a via the transposed
morphism X, (S) — X, (S). In the sequel we make no distinction between o and &, o" and a".
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Gp. So we now assume that G = G and G is F-simple. If I = A, Ny is trivial
so there is nothing to prove. So let us assume I # A, so that (“N;) = G by
since Ny is not trivial. We can apply to M; all the considerations applied to G in
the current chapter, so we see that M; = Z[] H; where J runs through connected
components of the Dynkin diagram with set of vertices I associated to My, and Hj is
the corresponding semisimple simply connected F-simple subgroup of M;. Let J be
such a connected component. As the Dynkin diagram attached to G is by assumption
connected, there is @ in A — I with (J,a") # 0. Choose  in J with (¢/,a") # 0 and
r € F* with o/ (" (z))? # 1. We have a"(z) € ZNM,, U,y C Hy C My, and the map
from U, to itself given by u — o (z)ua” (z) " u~"! is ontd]. The normal subgroup of
M generated by Z N M/, contains av(az)ﬁ and ua (z) " tu~! for u € Uy, so it contains
Uy . By [L3 Proposition it contains H; and in particular Z N M/, for all o’ € J.
We conclude that the normal subgroup of M generated by the ZN M/, « € A — 1,
contains Z N M/, for all &« € A. By [L3 Proposition it contains Z; since we have seen
that it contains each H, it is equal to M; = Z[[ H;. O

I1.7. Keeping the same notation, we can now derive consequences for representations.

Proposition Let I C A, and let o be a representation of Myp. Then the following
conditions are equivalent:

(i) o extends to a representation of G trivial on Np,

(i) for each b € B(I), o is trivial on o(M; N GY),

(iii) for each « € A — I, o is trivial on Z N M],.

When these conditions are satisfied, there exists a unique extension o of o to G
which is trivial on N, and it is smooth, admissible or irreducible if and only if o is.

Proof As already said in [I.2 if o extends to a representation of G trivial on Ny, the
extension is trivial on (YN;) so o is certainly trivial on M; N (YN;). Consequently
(i) implies (ii) and (iii) by [L3] Conversely, under assumptions (ii) or (iii), o
is trivial on M; N (“Ny) hence extends, trivially on (“Nj), to a representation of
M (¥ Ny), which is G by [IL3 Corollary (iii). Besides the extension €o is necessarily
unique. Assume that o extends to a representation ¢ of G trivial on Nj. Since o and
€0 have the same image, o is irreducible if and only if o is. As P; is a topological
subgroup of GG, ¢ is smooth if ¢o is. Conversely, assume that ¢ is smooth and let x
be a vector in the space of o, J its stabilizer in Pr; by [LH Corollary (iv), Nrqp acts
trivially on “o and the stabilizer of x in G, which contains Ny ./, is open in G, so ‘o
is smooth.

As Py is a topological subgroup of G, o is admissible if ¢ is. Conversely assume ‘o
is admissible; for each open subgroup J of My, a vector in ¢ fixed by J is also fixed by
the subgroup generated by J, Ny and Ny ., which is open in G, so o is admissible. [J

Remark 1 By [LI Remark, condition (ii) illustrates that o can extend to G (trivially
on Nj) only for very strong reasons: for any connected component A; of the Dynkin
diagram of G meeting A — I, o has to be trivial on M’Ac for any connected component
A, of the Dynkin diagram of M7 included in A;,. By Proposition applied to MEC
that last condition is also equivalent to o being trivial on Ug for some, or any, 8 € A,.

7If 20/ is not a root, then o (z) acts on U,/ (a vector group) via multiplication by o (a” (z)). If
2¢/ is a root, then o (z) acts on Uses via o/ (o (2))? and on Uy /Usy via o (¥ (z)).
81t follows from [[I4}, footnote 5, that (z) belongs to M,; on the other hand it belongs to .S C M.
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Notation Let P = M N be a parabolic subgroup of G containing B, and let o be a
representation of M. We let A(o) be the set of « € A — Ap such that o is trivial on
Z N M/,. We let P(o) be the parabolic subgroup corresponding to A(c) U Ap.

Corollary 1 Let P = M N be a parabolic subgroup of G containing B, and let o be
a representation of M. Then the parabolic subgroups of G containing P to which o
extends, trivially on N, are those contained in P(c). In that case the extension is
unique and is smooth, admissible or irreducible if o is.

The corollary is immediate from the proposition applied to Levi components of
parabolic subgroups of G containing P.

Remark 2 Since any parabolic subgroup P of G is conjugate to one containing B, it
follows, as stated in the introduction, that if o is a representation of P trivial on its
unipotent radical, there is a maximal parabolic subgroup P(o) of G to which o can be
extended, and the extension is smooth, admissible or irreducible if (and only if) o is.

Corollary 2 Keep the assumptions and notation of Corollary 1, and assume further
that A(o) is not orthogonal to Ap;. Then there is a proper parabolic subgroup @ of
M, containing M N B, such that o is trivial on the unipotent radical of Q; moreover
o is a subrepresentation of Indg[(am), and 0| s irreducible or admissible if o is. In
particular, o cannot be supercuspidal.

Proof We may assume that G = P(0). Let o € A(o) not orthogonal to Ay, and
let b € B such that @ € Ap. Then Ay N Apns # Ay, so o is trivial on L(M N éb)
by the proposition. As « is not orthogonal to A, Ay N Ajps is not empty. If @ is
the (proper) parabolic subgroup of M corresponding to Ay, — Ay, then o(M N Gy)
contains the unipotent radical Ng of @ and o is trivial on Ng. Then, obviously, o is
a subrepresentation of Indg (o) and by the proposition, applied to M instead of G,
if o is irreducible or admissible, so is its restriction to the Levi component of ). By
the definition of supercuspidality, o cannot be supercuspidal. []

Remark 3 The last assertion of Corollary 2 explains why the case of interest to us is
when Ajs and A(o) are orthogonal — an analogous result will be obtained when o is
assumed supersingular instead of supercuspidal ([ILI7 Corollary). As a special case,
assume that the (relative) Dynkin diagram of G is connected, and o is a supercuspidal
representation of M extending to G. Then either M = G or M = Z; in the latter case,
o is trivial on Z N G’ and finite dimensional.

Remark 4 For the record, let us state a few useful facts when A is the disjoint union of
two subsets I and J, orthogonal to each other. Then M} and M/, are normal subgroups
of G, commuting with each other. We have G' = MM, M; = ZM}, My = ZM},
M;N My = Z and in particular My N M/, = Z N M), for o € J. Also, M} N M is
finite and central in G: indeed, decomposing G as G x G, Mj; N M) is simply the
image under (g1, g2) — t(g1) of Kert C Gy x G ;. The inclusion of M; in G induces an
isomorphism M /(M N M) ~ G/M/; (and similarly for M).

Remark 5 Let a € A belong to the component Ay. The normal subgroup of G gener-
ated by Z N M, is 1(Gy) because Z N M, is not central in M/ . If o is a representation
of G which is trivial on Z N M/, it is then trivial on ¢(G}) and the conclusions of

Corollary 2 hold (with M = G).

I1.8. To go further we need the generalized Steinberg representations already recalled
in the introduction.
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Lemma Let Q) be a parabolic subgroup of G. Then lifting functions on G to functions
on G wia 1 gives an isomorphism of Indg 1 with Indgls 1. The representation Stg oL

of G is isomorphic to St&" ; the restriction of Stg to G’ is irreducible and admissible.

Proof We have ZG' = G and @ contains Z, so G = QG’. Besides Q N G' = 1(Q).
It follows that ¢ induces a bijection of Q\Gis onto Q\G; that bijection is continuous
hence is a homeomorphism by Arens’ theorem [MZ], p. 65]. The first assertion follows
and the others are immediate consequences. [

Now let P = M N be a parabolic subgroup of G, let ¢ be a representation of M,
inflated to P. Then by [L1 Corollary 1, o extends (uniquely) to a representation
€0 of P(o). For each parabolic subgroup @ with P C @ C P(o) we can form the

representation o ® Stg(a) of P(o).

Proposition o is irreducible (resp. admissible) if and only ier®Stg(U) 1s irreducible

(resp. admissible).

From this, we get (see for instance [Vig3| Lemma 4.7]):
Corollary o is admissible if and only if Indg(o)(ea ® Stg(g)) is admissible.

Proof of the proposition The unipotent radical of P(co) acts trivially on both o
and Stg(a). Therefore we may assume P(o) = G.

By the lemma above Stg ot is the generalized Steinberg representation Stgs. For b
in B—B(Ag), AgNAy, = Ay so that by construction Stgis is trivial on Gy; consequently
its restriction to H = [[ Gy is irreducible. On the other hand by [L5, o is trivial

beB(Ap)
on the normal subgroup «(H). If o is irreducible, the irreducibility of ‘o ® Stg comes
then from Clifford theory as in [Abd, Lemma 5.3]1.

Assume that o is admissible, so o is admissible too. As above ((H) acts trivially
on “c and the restriction of Stg to ¢(H) is admissible. If L is an open subgroup of
G, the vectors in Stg fixed under L N¢(H) form a finite dimensional vector space X.
The vectors fixed by L in o0 ® Stg are in °c ® X. There is an open subgroup L’ of L
acting trivially on X and (‘o0 ® X )L/ = ¢o ® X is finite dimensional. Consequently
o ® Stg is admissible.

Conversely, if ‘o ® Stg is irreducible, obviously o is irreducible. If €0 ® Stg is
admissible so is o. Indeed if J is an open subgroup of G then (°0)’ ® (Stg)‘] is
contained in (‘o ® Stg)‘], so if J is small enough for (Stg)‘] to be non-zero, we deduce

that (°c’)” is finite-dimensional; thus ®o is admissible and so is o by [ Proposition.
O

Remark Assume that Ays is orthogonal to A — Ajyy. Let o be a representation of M
which extends to G trivially on N, and let Q be a parabolic subgroup of G containing
P.

1) The representation o ® Stg of G determines o and Q.

2) Any subquotient T of ¢o ® Stg is of the form ¢o, ® Stg for some representation
or of M which extends to G trivially on N.

9To apply that lemma, note that Schur’s lemma is valid for the restriction of Stg to «(H).
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Proof 1) We put J = A — Ay As @ contains M, Stg is trivial on the normal
subgroup M’, and restricting to M functions on G gives an isomorphism of Stg onto
Stgr‘q M- The restriction of 50®Stg to M is a direct sum of irreducible representations
Stg | m,, and that representation determines @ (ILY Lemma). Seen as a representation
of G, Homyy, (Stg, o® Stg) is isomorphic to o (use for example [Abel Lemma 5.3)),
and ®o determines o.

2) The restriction of 7 to M/, is a sum of copies of the irreducible representation
Stg - By Clifford’s theory (loc. cit.), 7 is isomorphic to HomM/J(Stg,W) ® Stg.
Moreover, HomM/J(Stg,W) is a representation of G trivial on M’ hence determines a
representation o, of M via the map M — G/M/ and ‘o, ~ HomM/J(Stg,W) as a
representation of G. [J

ITI. SUPERSINGULARITY AND CLASSIFICATION

II1.1. This chapter is devoted to the proof of [L5] Theorem 4, and is rather long. It is
divided into parts A) to H). In part A) we give some more detail on supersingularity,
and in part B) we describe a parametrization for the irreducible representations of
K. The next step in part C) is to determine the weights and eigenvalues of paraboli-
cally induced representations. We then proceed to the analysis of the representations
I(P,0,Q): we first determine P(o) in part D), and after that we compute the weights
and eigenvalues of I(P,0,(Q) for a supersingular triple (P, o, Q) in part E). The sub-
sequent proof of the irreducibility of I(P,0,Q) in part F) uses a change of weight
theorem proved in Chapter [Vl From the knowledge of weights and eigenvalues, we
easily deduce in part G) when I(P;,01,Q1) is isomorphic to I(Ps,02,Q2) for super-
singular triples (P, 01,Q1) and (P, 02,Q2). In part H) we finally prove exhaustion,
i.e. that every irreducible admissible representation of G has the form I(P,0,Q) for
some supersingular triple (P, o, Q): that uses a result established only in Chapter [V]
as a further consequence of the change of weight theorem.

Notation As K is fixed throughout, it is convenient to write H O for HN K, when H
is a subgroup of G. We also write H for (HNK)/(HNK(1)), where K(1) is the pro-p
radical of K. We put Z(1) = Z N K(1); it is the pro-p radical of Z°.

A) Supersingularity

ITI.2. Consider an irreducible representation (p, V') of K; it is finite-dimensional and
trivial on K (1). The classification of such objects will be recalled in part B).

We view the intertwining algebra He (V') as a Hecke algebra, the convolution algebra
of compactly supported functions ® : G — End¢ (V) satisfying

D(kgk') = p(k)®(g)p(k') for gin G, k and k' in K.
The convolution operation is given by

(I11.2.1) (@=T)(g)= > ®(h)U(h'g) for &, ¥ in Ha(V).
heG/K

The action on ind% V is also given by convolution:

(I11.2.2) (@ f)(g)= > M) f(h'g) for f€indFV, & Ha(V).
heG/K
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ITI.3. We need to recall the structure of Hg (V') and its centre Z¢(V), as elucidated
in [HVI1], building on [Hell, He2]; note that He (V) is commutative in the context of
[Hell e, (5be].

Let P = MN be a parabolic subgroup of G containing B. Then the space of
coinvariants Vo of N° in V affords an irreducible representation of M (which is the
special parahoric subgroup of M corresponding to the special point xg). For each

representation o of M on a vector space W, Frobenius reciprocity and the equalities
G =KP = PK, P’ = M°NY, give a canonical isomorphism:

(I1L.3.1) Homg (ind% V, Ind% W) —= Hom s (ind3s, Vo, W)

The natural algebra homomorphism S, : Ha (V) — Har(Viyo) of [LH is given con-
cretely by

(I11.3.2) (ST (m)jo = > T(nm)(v) for m in M, vinV,
neNO\N

where a bar indicates the image in Vo of a vector in V' [HV2, Proposition 2.2]. Recall
that (I11.3.1) is Ha(V)-linear if we let H (V) act on the right-hand side via S§;. Recall
also that S§; is injective [IV2, Proposition 4.1].

For varying P = M N, the homomorphisms S]\% satisfy obvious transitivity proper-
ties, and SY identifies H (V) with a subalgebra of Hz(Vy0) which we now describe.
For a root v in ® = ®(G, S), the group homomorphism |a| : z — |a(z)| from S to R}
extends uniquely to a group homomorphism Z — R trivial on Z9, and we still write
|| for that extension. We write Z for the set of 2z in Z such that |a(z) < 1 for all
a € A. Then by [HV2, Proposition 4.2] Hg (V) is identified via S§ with the subalgebra
of Hz (Vo) consisting of elements supported on Z*. By [HVI, 1.8 Theorem], Z5(V)
is the subalgebra Ha(V) N Zz(Viyo) of Z7(Vio) consisting of elements supported on
Z7r.

II1.4. The group Z normalizes Z° and its pro-p radical Z(1) and the quotient Z/Z°
is a finitely generated abelian group. The coinvariant space Vo is in fact a line, and Z°
acts on it via a character ¢y : Z% — C* trivial on Z(1): see part B), for the difference
between the notation vy here and in [HV2]. For z € Z, the coset Z'z supports a
non-zero function in Hz(Vyo) if and only if z normalizes ¢y, and such a function is in
Z7(Viyo) if and only if iy (22'2712/71) = 1 for all 2’ € Z normalizing ¥y .

Notation We let Zy,, be the subgroup of Z defined by this last condition. It contains
S and Z°.

For z € Z normalizing 11, we write 7, € Hz (Vo) for the function with support Z°z
and value idVUO at z; we have

T, * Ty = T, for z, 2/ in Z normalizing vy .

Identifying He (V') and H s (Viyo) with subalgebras of Hz (Vo) via 8§ and S, we can
now describe Hp(Vyo) as the localization of Hg (V) at some central element [HV2,
Proposition 4.5] (so that Z; (Vo) is the localization of Z (V') at the same element).

Proposition Let M = My for some I C A, and let s € S satisfy |a|(s) < 1 for
acA—1,lal(s) =1 fora € I. Then Hp(Vyo) is the localization of Ha(V') at 7,
and Zp (Vo) the localization of Zq(V') at Ts.

Notation For each o € A, we choose z, in S such that |a|(z4) < 1 and |&¢/[(z4) = 1
for o/ € A — {a}. For a character x of Z5(V), we let Ag(x) = {a € A | x(72,) = 0}.
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In the above proposition, we can take s = [] z4; then 75 is the product 75 =
aceA-T

[I 7., in any order.
acA-T
Lemma Let x be a character of Zg(V)). Then I = Ag(x) is the smallest subset of A
such that x extends to a character of Zy, (Vo). For z in Zt N Zy,, we have (1) # 0
if and only if |a|(z) = 1 for all « € Ao(x). In particular, Ag(x) does not depend on
{za}
Proof As Z,, (VN?) is the localization of Z5(V) at [] 7.., x extends to a character

aceA-T
of Z MI(VN?) if and only if x(7,,) # 0 for & € A — I. The first assertion follows. Let
z € ZtNZy,; if for some a € Ag(x) we have |a|(z) < 1, then for some positive integer
r, 2" = zot with t € ZTNZy,, and x(72)" = x(72.)x(t) = 0, so x(2) = 0; if |a|(2) = 1
for all & € Ag(x) then with s = [I  za there is a positive integer x such that
acA—Ag(x)

s" = zt for some t € ZT N Zy,, and similarly x(7) # 0 since x(75) # 0. O

We write Zx for the set of 2 € Z with |a|(z) = 1 for all & € A. Using the lemma,
we can restate the definition of supersingularity (L)) for a character of Zg (V).

Corollary For a character x of Zq(V), the following conditions are equivalent:
(i) x is supersingular,
(iit) x(72) = 0 for all z in Z* N Zy,, not in Zx.

B) Irreducible representations of K

III.5. Asrecalled above, irreducible representations of K factor through K = K/K(1).
We first examine K.

Information about K comes from [BTT],BT2], see also [Ti]. The group K is naturally
the group of points (over the residue field k of F'), of a connected reductive group, which
we write Gy, so that K = Gk(k)@ We also have S = Si(k), where Sj, is a maximal
split torus in Gy, with a natural identification of X*(Sg) and X*(S); if Zj is the
centralizer of Sy, in Gy, then Z = Zj(k), and similarly for the normalizer N of Sy in
Gy. As K is a special parahoric subgroup, every element of Wy has a representative in
K so that Wy = N?/Z° and reduction mod K (1) yields an identification of Wy with
W(Gy,Sk) =N/Z.

Similarly B = By(k) for a minimal parabolic subgroup By of Gy with Levi com-
ponent Zj; (which is a torus since k is finite) and unipotent radical Uy such that
U = Ug(k).

ITI.6. The root system of Sy in Gy is a sub-root system of the root system of S in
G, using the above-mentioned identification of X*(Sj) and X*(S). We write @, for
the set of roots of Si in Gg; we have &, C ®. A reduced root o € ¢ belongs to &y, if
2« is not a root in @; if @ and 2« are roots in @, then a or 2a. or both are in ®;, — all
three cases can occur.

So we get a natural bijection o — @ from reduced roots in ¢ to reduced roots in
®,., which sends positive roots to positive roots, and the set A of simple roots in ®

10We warn the reader that when G is semisimple, Gy, is not necessarily semisimple. If Hy is an
algebraic group over k, we put Hr = Hg(k), so that for many algebraic subgroups H of G in the
current chapter, we can use indifferently the notations H or Hy, for (H N K)/(H N K(1)) — we mostly
use H.
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to the set Ay, of simple roots in ®;,. When o € ® is reduced, we have U, = Upa(k).
Henceforward we identify the reduced roots of ®; with those of ®, hence @, with &,
A with A, via a — @. Then for I C A the parabolic subgroup P; = M;Ny is such
that Py = Pl,k(k)a M; = MI,k(k)a Ny = NLk(kﬁ).

III.7. Let B, be the parabolic subgroup of G opposite to Bl (with respect to
Z) and U, its unipotent radical; then Pop = By, op(k) where By, o, is the parabolic
subgroup of Gy opposite to By. Similarly we have Uop = Uy, op(k) for their unipotent
radicals.

From [BoTl Proposition 6.25] we get that G is generated by the union of Z, U,
Uop. The subgroup G of G generated by the union of U and U,y is normal in G;
it is the image in G of Gy, (k) where Gy g is the simply connected covering of the
derived group of G;. Notd that GO certainly contains U° and (Uop)? so that its
image in G contains G'. But it can be larger, so we need to distinguish G and ;
the discrepancy is actually quite important in Chapter [V]

Lemma (i) The map (UNK(1)) x Z(1) x (Uop N K (1)) = K(1) given by the product
law is bijective, and similarly for any order of the factors.
(ii) K is generated by the union of U°, Z° and (Uyp)P.

Proof Assertion (i) is due to Bruhat and Tits [BT2, 4.6.8 Corollaire]. Since G is
generated by the union of Z, U and U,p, K is generated by the union of Z0, U°,
(Uop)? and the normal subgroup K (1); then (ii) follows from (i). O

The lemma has a consequence which will be useful later. As in [IL4] we write Z i
for the set of z € Z such that |a|(z) = 1 for all @ € A. Equivalently, Zx = Kervy in
the notation of [HVT] 3.2]. (We have in fact that |a|(z) = ¢~ (**2()) for o € A and
z€Z.)

Corollary Zi is the normalizer of K in Z.

Proof If z € Z normalizes K it also normalizes UQ for all a € ®. Given the action of
z on the filtration of U, [Ti], that is equivalent to |a|(z) = 1 for @ € ®. Conversely
if |a(z) = 1 for @ in A then |a|(z) = 1 for all a in ® and z normalizes U? for all
« € ®; it then normalizes U° and (Uop)?, so it normalizes K. That proves that Zx is
the normalizer of K in Z. [J

Remark By the Cartan decomposition the normalizer of K in G is Z iK .

ITI.8. We can now recall (see [HV1],[HV2] and the references therein) the parametriza-
tion of the irreducible representations of G, up to isomorphism.

If (p, V) is an irreducible representation of G, then VY is a line, on which Z acts
via a character, say : Z — C*. Let A(n) be the set of simple roots o € A such that
n is trivial on Z N M o (Where M, i is the Levi subgroup of G corresponding to {a}),
and as in [[TL7] M(;k is the subgroup of M, ;. generated by (the union of) U, and U _,.

The stabilizer of the line VU in G is a parabolic subgroup containing B corresponding
to a subset Ay of A(n), and V is characterized up to isomorphism by the pair (7, Ay );
all such pairs do occur. In [HV2], (n, Ay) is called the standard parameter of V.

UWhen convenient, we put the index op on top.
12Recall G is the subgroup of G generated by U and Usp.
1376 avoid confusion, we sometimes write G, rather than G



A CLASSIFICATION OF IRREDUCIBLE MOD p REPRESENTATIONS OF p-ADIC GROUPS 17

IIL.9. In this paper, we are interested in coinvariants rather than invariants, so we
use different parameters. Let V be an irreducible representation of G with standard
parameter (1, Ay).

Lemma The group Z acts on the line Vi wvia the character n o wo where wo is the
longest element in Wy. Moreover the stabilizer of the kernel of V' — Vi7 is the parabolic
subgroup of G corresponding to the subset —woAy of A.

Proof By [HV2, Proposition 3.14] the projection V' — V% induces a Z-equivariant
isomorphism of VU onto Vi; the first assertion comes from [loc. cit. 3.11]. The

stabilizer we look at is also the stabilizer of the line (V*)U in the contragredient
representation V* of V; the second assertion follows from by [loc. cit. 3.12]. O

Definition The parameter of V is the pair (Y, A(V)) where Z acts on Vi via Yy
and the stabilizer in G of the kernel of V. — Vi is FA(V).

Remarks 1) We have ¢y = nowg and A(V) = —woAy.

2) The antistandard parameter of V' [HV2] 3.11] is (¢, —A(V)).

3) V is determined up to isomorphism by its parameter. One has A(V) C A(yy), and
all pairs (¢, I) with I C A(¢) occur as parameters.

II1.10. Lemma Let V be an irreducible representation of K, and let P = MN be a
parabolic subgroup of G containing B.

(i) Vi is an irreducible representation of M with parameter (v, Apr N A(V)).
(ii) V is Pop-regular in the sense of [HV2, Def. 3.6] if and only if A(V) C Ay
Here ﬁop = MNOP is the parabolic subgroup of G' opposite to P (relative to M).

Proof By [loc. cit. 3.11] VNer is an irreducible representation of M and its antistan-
dard parameters are (v, —(AyNA(V))). On the other hand, the projection V. — Vi

induces an M-equivariant isomorphism of VNer onto Vi, so (i) comes from Remark
2) above. By [loc. cit., Def. 3.6] V is Pgp-regular if and only if —A(V) C —Ayy i.e.
A(V) C Apr, whence (ii). O

Remark Since ﬁA(V) is the stabilizer of the kernel of the projection V' — Vi, V' is
one-dimensional if and only if A(V') = A. It follows from part (i) of the lemma that V5
is one-dimensional if and only if Ay; C A(V'). That provides a useful characterization

of A(V).

Examples 1) Consider the case where V is the trivial representation of G. Then
Yy = 1 and A(V) = A. Representations V with parameter (1,I) for I C A are
particularly important to us (cf. below).

2) Let 1 be a character of Z; then 7 extends to a character of MA(,]): indeed that

extension is the irreducible representation of MA(n) with parameter (1, A(n)).

III.11. Consider the simply connected covering Gy s of the derived group Gy, ger of
Gy, and write j : Gi s — Gy, for the natural morphism. Put Gj e = Gpgc(k). We
can repeat exactly the same considerations as in [[I.4]in this context of finite reductive
groups, and we use the analogous notation — note however that since k is finite, every
k-simple component of Gy g is isotropic. In particular j induces an isomorphism
between Uy, and Uy, and Ay also appears as the set of simple roots of Si, in Uy.
From [IL7, recall that

G;c = j(Gk,sc)'
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Proposition Let (p, V') be an irreducible representation of Gy, with parameter (v, A(V)).
Then (poj, V') is an irreducible representation of Gy, sc with parameter (¢Voj|Z~k, A(V)).

Here Z), = Zk(k‘) where Zj, is the centralizer of S, in Gy sc; we use similarly abbre-
viated notation below. By the fact above and the inclusion G} = G ¢ &' ([IL7), we
get:

Corollary The restriction of p to G, and a fortiori to G', is irreducible.

Proof of the proposition Since V~k, equal to V%, is one-dimensional, the cosocle of
p o j is irreducible. Similarly VUk.op equal to VUer is one dimensional, so the socle of
p o j is irreducible too. As the projection of VUer to V7 is non-zero, the map from
the socle of po j to its cosocle is non-zero, and p o j is indeed irreducible. Clearly Zj
acts on Vi; = Vip by z — ty 0 j(z), and Pagy)r = '_1(ﬁA(V)) stabilizes the kernel
of V.— VUk' But for I C A, we have P; = Zj(Pr ), so if Pry, stabilizes that kernel,
ICcAV). O

C) Weights of parabolically induced representations

II1.12. Let P = MN be a parabolic subgroup of G containing B, and (7,W) a
representation of M. We investigate the weights of Indi and the corresponding
Hecke eigenvalues. From now on, we identify the irreducible representations of K and

those of G = K/K(1).

In this part C) we let (p, V') be an irreducible representation of K, with parameter
(v, A(V)). Recall that if (7, X) is a representation of G, for example X = Ind% W,
then Hompg (V, X) is a right Hg(V)-module. The formula for the action is

(I11.12.1) (@®)(v) = > gp(®(g ) for v eV, ¢ € Homg(V, X),
geG/K

and ® € Hg(V).
Proposition (i) The natural isomorphism

can

Hom ¢ (V, Ind% W) —= Hom 0 (Vyo, W)

is Ha(V)-linear, where Ha(V) acts on the right-hand side via S).

(i) V is a weight for IndS W if and only if Vo is a weight for W.

(i4i) The map S]\G/I identifies the eigenvalues of V' in Indg W and the eigenvalues of
Vo in W.
Proof (i) comes from and (ii) is an immediate consequence. We have seen that
Zpn (Vo) is the localization of Zg(V) at some element 75. Clearly 75 acts invertibly on
Hom 0 (Vyo, W); as the canonical isomorphism is Hg(V)-linear, 74 also acts invertibly
on Homy (V,Ind% W), which gives (iii). O

A useful consequence of (II1.12.1) is the following lemma. Recall that for z €
ZtNZy,, Z¢(V) contains a unique element 7, such that Supp T, = KzK and T.(z) €

End¢ (V) induces the identity on VUer 7.3, 2.9].

Lemma Let (7, X) be a representation of G and ¢ € Homg(V,X). Let z € Zy,, .
Assume z € Zx, i.e. that z normalizes K. Then 85 (T.) = 1. and (¢7,)(v) = 2 Lp(v)
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for v in VUep, If ¢ is an eigenvector for Zg(V) with eigenvalue x, then z~! acts on
p(VUer) by x(2).
Proof By assumption zK = Kz, and the endomorphism 7 (z) satisfies p(k)T,(z) =
T.(2)p(271kz) for k € K [loc. cit., 7.3]. As 2 normalizes U® and (Ueyp)°, T (2) induces
endomorphisms of V47 and VUer: since the natural map VVer — V%7 is an isomorphism,
T.(2) induces the identity on Vi. From (IIL.3.2) we get S5 (7.) = 7., and (I11.12.1)
gives
(T (v) = 2 Yp(T.(2)v) for v eV,

hence the result. [
II1.13. Let ¢ € Homg(V,Ind% W) and ¢y € Homyyo(Vyo, W) correspond via
(IT1.3.1). Then ¢ gives rise to a G-morphism, again written ¢, from indIG( V to IndIG; W,
and similarly we get an M-morphism ¢,y : ind%o Vo — W.

Consider the following diagram, where horizontal maps are canonical isomorphisms

can

Homg (ind% V, Ind%(ind}%, Viyo)) —=— Hom s (inds Viyo, ind3, Viyo)

lIndg ©M lSOJVI

can

Homg (ind% V, Ind% W) —~—  Homy(ind}fo Viyo, W)

By naturality, the vertical maps obtained by composing with Ind]G; pn and @y, as
indicated, make the diagram commutative. The identity map of ind%o Vo yields the
canonical intertwiner

(IT1.13.1) 7 :ind% V — Ind%(ind¥, Vo)
mentioned in We get:
Lemma Indg pmoZ = .
By [HV2| Proposition 4.1], Z is injective. As Z is H(V)-linear, it factors as follows:

ind% V — 2y (Viyo) ® 2,1y ind% V =5 Hayr (Viyo) @y, (v ind% V
25 Ind$ (ind ¥, Vo),
for some canonical map ©. Since H s (Viyo) is the localization of Ha(V') at some central
element, and Zj7 (Vo) is the localization of Z5(V') at the same element, the map u is
an isomorphism.

IT1.14. The main result of [HV2] is, taking into account [ILI0 Lemma (ii):

Theorem Let (¢y, A(V)) be the parameter of V.. If A(V) C Aps then the map © of
MTI3 is an isomorphism.

We derive some consequences.

Corollary 1 Let ¢ € Homg (V,Ind% W) be an eigenvector for Zo(V). If A(V) C Ay
and if ppr (Vo) generates W as a representation of M, then o(V) generates IndS W
as a representation of G.

Proof By the theorem, © is surjective. By hypothesis ¢as : ind%o Vyo — W is
surjective, so by [[IL13] Lemma the map induced by ¢

Zy (Vo) ®z4(vy indf V — Indg W
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is surjective. But Z¢ (V) acts on ¢ via a character which extends to Zy(Vyo) (ILI12
Proposition (ii)) so we conclude that ¢(ind% V) = Ind% W, hence the result. [J

Corollary 2 Assume that (7, W) is irreducible and admissible. Then Ind$ W is irre-
ducible if and only if every non-zero subrepresentation of it contains a weight V' with

Proof Since W has some weight, by Proposition (i) and Lemma (i),
Ind% W has a weight V with A(V) C Ay Conversely if a subrepresentation X
of Ind% W contains a weight V with A(V) C Ay, there is an eigenvector ¢ €
Hompg (V, X)) for Z5(V). As 7 is irreducible, ¢ (Vyo) generates W and by the propo-
sition X = Ind$W. O

D) Determination of P(0) for supersingular o

II1.15. We want to apply the preceding corollary to prove the irreducibility of
I(P, 0, Q) for a supersingular triple (P, 0, Q). That can only be done in stages. First we
determine P(c) in terms of weights and eigenvalues of . In other words, we determine
the set A(o) of & € A — Ajy such that o is trivial on Z N M/, ([L7).

As the generality will be useful in Chapter [Vl we consider the situation where
P = MN is a parabolic subgroup of G containing B, and (o, W) is a representation of
M satisfying the following hypothesis:

(H) There is an irreducible representation (p, V') of M° and some ¢ in Hom 0 (V, W)
such that o is generated by ¢(V') as a representation of M.

Hypothesis (H) is certainly true if o is irreducible and admissible, and then we can
take ¢ to be an eigenvector for Z,;(V'), and the corresponding eigenvalue is supersin-
gular if o is. As before, write (v, A(V)) for the parameter of V.

Lemma Assume Hypothesis (H). Let o € A. If o is trivial on Z N M],, then ¢y is
trivial on Z° N M.

Proof If o is trivial on Z N M/, then certainly Z N M/, acts trivially on ¢(V). As
¢ € Hom,o(V, W) is injective, Z° N M/, acts trivially on V hence on Vjo and vy is
trivial on Z° N M. O

II1.16. Proposition Let o € A.

(i) If 1y is trivial on Z° N MY, then Z N\ M), C Zy,, .

(it) || (Z N M) is isomorphic to Z.

(iii) Let z € Z N M. Then |a|(z) = 1 if and only if z € Z° N MY,.
Notation By (ii) there is an element a,, in Z N M/, with |a|(as) > 1, such that |a|(aq)
generates |a|(Z N MY); by (iii) the element a, is well-defined modulo Z° N M/,. Note
that if o is orthogonal to A/ then a, € Z iM (see proof of [IL7 Corollary) and 74, is

a unit of Zy (V). If ¥y is trivial on Z° N M/, the element 7,, of Z7(Viynpo) does not
depend on the choice of a,, so we write it 7.

Proof of the proposition Assume that 1y is trivial on ZNM/,, and take z € ZNM;
then, for 2/ € Z (in particular for 2/ € Z9), 22/2712'~1 belongs to Z° N M, (because
7Z/ZY is abelian and Z N M/, is normal in Z), so we get 1y (2227 12'~!) = 1. That
shows that 2z normalizes 1)y and belongs to Zy,,, hence (i).

Let us introduce the isotropic part M, = M of the simply connected covering of
the derived group of M, its minimal Levi subgroup Z, lifting Z, and the maximal
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split torus S, of Z,. Write j for the canonical map M, — M,. We have M!, = j(Ma)
and j7(Z) = Zy, so ZNO M, = j(Z,).

Let vz : Z — X.(S)®Q be the map of [HV1], 3.2]; its kernel is the maximal compact
subgroup of Z and by [loc. cit., 6.2] Z°, which is the kernel of the Kottwitz invariant
wyz of Z, is equal to Kervyz N Kerwg where wg is the Kottwitz invariant of G [Kot],

7]. We have the analogous map v; and a commutative diagram
g Za g

Zo —Z2 X,(8.) ©Q
| I
Z —Z5 X,(S)

®Q

where the vertical maps are induced by j.

As M,, is semisimple and simply connected, w 47, 18 trivial and by functoriality of the
Kottwitz invariant we is trivial on M/, = j(M,); in particular Z°NM!, = Ker vy N M.,
The vertical map on the right of the above diagram is injective so j=1(Z° N M) =
Kerv; . Thus (Z N My)/(Z° N M) is isomorphic to Z,/Kervy_, i.e. to the image of
C Since S, has dimension 1, that image is isomorphic to Z. Now for z € Z, we
have |a|(j(z)) = ¢~ (@vz0(E)) = ¢=(@v2. &) and (i), (iii) follow. O

Remark From the above proof it is clear that vz(a) is a (negative) rational multiple
of aV. See also [V.11] Example 3.

II1.17. Let us derive consequences of [I1.16

Proposition Assume Hypothesis (H) (ILI15). Let o € A be orthogonal to Apy. Then
the following conditions are equivalent:

(1) o is trivial on Z N M},

(ii) Yy is trivial on Z9 N M, and (p74)(v) = ©(v) for v e VUerNM",

Proof Apply first [IL12 Lemma to get
(%) (p7a)(v) = ag'o(v)

for v € VUM’ Now assume (i). By Lemma, ¢y is trivial on Z% N M;
then, since « is orthogonal to Ay, a, belongs to Z iM and (x) implies (ii). Conversely
assume (ii). Applying[[ILI6 Proposition and (%) again we get that ZN M/, acts trivially
on the line @(VVerM O). But as « is orthogonal to Ay, M normalizes M/, and hence
also Z N M/ ; consequently the set of fixed points of Z N M/, in W is invariant under
M. As it contains o(VUr"M°) it contains ¢(V) since VUr"M° generates V over MO,
and by hypothesis (H), Z N M/ acts trivially on W. O

Corollary Assume Hypothesis (H) and that moreover ¢ is a Zp(V')-eigenvector with
supersingular eigenvalue x. Then A(c) as in (L) is the set of « € A, orthogonal to
Ay, such that iy is trivial on Z° N M, and x(74) = 1.

Proof Assume a € A(0) is not orthogonal to A,;. By [L7 Corollary 2 and Remark 5,
there is a proper parabolic subgroup Q = MgN¢ of M (containing M N B) such that o
is trivial on N¢ and is a subrepresentation of Indg[ (01m,,)- By [ILI2 Proposition (iii),
no eigenvalue of o can be supersingular. Consequently any « in A(o) is orthogonal to
Ajs and the result follows from the proposition. [J

In particular, we have determined P(o) for a supersingular representation o of M.
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E) Weights and eigenvalues of (P, 0, Q)

II1.18. In this section, for a supersingular triple (P,o,Q) (L3), we determine the
weights and eigenvalues of I(P,0,Q). A slightly more general situation is useful in
part G) though.

Proposition Consider a B-triple (P,0,Q) as in with P = MN, and assume
that A(o) is orthogonal to Ayr. Let Vo be an irreducible representation of K, with
parameter (Yy, A(V)).

1) The following conditions are equivalent:

(i) V is weight of I(P,0,Q),

(it) Vo is a weight of o and A(V)NA(0) = Ag NA(0).

2) If V is a weight of I(P,0,Q), then the eigenvalues of Z¢(V') in I(P,0,Q) are in
bijection with those of Zy(Vyo) in o via S,

The proof of 1) is in [ILIOHITL2T] below, that of 2) in [IL22] which actually gives
more precise information.

Remark 1 Consider the case where P = B and o is the trivial representation of

B. Then P(c) = G and I(B,0,Q) = Stg. From §8] we get that Stg has a
unique weight VQG , with multiplicity one, and parameter (1, Ag). That weight also
occurs with multiplicity one in Indg 1 and the natural map HomK(Vg ,Indg 1) —
Hom K(Vg , Stg) is an isomorphism; similarly Vg occurs with multiplicity one in Ind% 1
and the natural map HomK(ng’v ,Indg}v 1) — HomK(V(Sv ,Ind% 1) is an isomorphism.
Those isomorphisms are Hg(VQG )-equivariant, and the algebra 7-[(;(VQG ), isomorphic to

the monoid algebra C[Z+/ZY], acts via the augmentation character sending 7, to 1 for
z € ZT. That special case will be used in the proof of part 2) of the proposition.

The proposition may be applied to a supersingular triple, by [ILI7 Corollary.

Corollary Assume (P,0,Q) is a supersingular triple; if V is a weight of I(P,o,Q)
then for any eigenvalue x of Z¢(V') in I(P,0,Q), we have Ag(x) = A

Proof By part 2) of the proposition, x extends to a character of Zy;(Vyo) so Ag(x) C
Ajpr. On the other hand the extended character is an eigenvalue of ¢ which is super-
singular so Ay C Ap(y). O

Remark 2 In the context of the corollary, if P # G, then no eigenvalue of I(P, o, Q)
is supersingular.

I11.19. By [ILI2 Proposition, we immediately reduce the proof of part 1) of the
proposition to the case where P(c) = G. In the course of the proof we shall glean
more information on the weights and eigenvalues.

We put Ay = Ay and Ay = A(0), so that A is the union of two orthogonal subsets
A7 and As. As in [T4] we introduce the group G =Gs. It ‘appears as the product
of two factors G1 and G2 attached to Ay, As. Note that G and G have the same
semisimple building and their actions on it are compatible. Let K be the parahoric
subgroup of G attached to the point xo. It decomposes as K x Ky where for i = 1,2,
K; = K NG, is a parahoric subgroup of G;. Write ¢ for the natural map G — G. For
i = 1,2, let M; be the Levi subgroup Ma, of G. Then M = «(G;) and M; = ZM].
By IL7 Remark 4, M| and M} commute with each other, Z normalizes each of them
and G = ZM/{ M.

Proposition (i) K =1 (K), Z° =172 and «(K;) = K N\ M/ fori=1,2.
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(ii) Let a € ®; then 1 induces a group isomorphism of UY = U, N K onto UY =
UsNK.

Here U, denotes the root subgroup of G attached to « € ®.

Proof By functoriality of the Kottwitz invariant, since G is semisimple simply con-
nected, wg o ¢ is trivial; on the other hand an element = € G fixes the point xq if and
only if +(z) fixes xg. So we have K = /~!(K) and intersecting with Z = :~1(Z) we get
70 =17 Y2°. If x € K; then «(z) € K Nu(G;) = K N M]. Conversely if z € G; and
(z) € K then z € K N CNJ — K;. This proves (i).

(i) Let o € ®@. As 1(K) € K we have +(U2) ¢ UY. Conversely for z € U,, t(z) € UY
implies z € U, Nt~ (K) = U2 by (i). O

Corollary We have K = ZO(K). Fori=1,2, M? = Z°u(K;).
Proof This comes from (ii) of the proposition, given [T Lemma. [J

Remark By [L7 Remark 4, M| N M is finite and central in G. As it is contained in
Ker wg, it follows that Z° contains M| N M}, which is equal to ¢(K7) N t(K3).

ITI1.20. Let now (p, V) be an irreducible representation of K. We want to write V
as a tensor product adapted to the orthogonal decomposition A = A U As.
Write (5,V) for the representation of K obtained from p via ¢ : K — K. By

9 Proposition (ii) L(R ) contains G , so by [IL1] Corollary p is irreducible. Since
K K1 X Kg, Vv decomposes as a tensor product V1 ® V2 where for 1 = 1,2, V is an
irreducible representation of K; which is trivial on K5_;.

To decompose V' as a tensor product V; ® Vo of irreducible representations of K,

where V) restricts to ‘71 via ¢, and V5 to Vg, we have to take some care, as K is not
the direct product M{] X MS.

Proposition (i) For i = 1,2, let V; be an irreducible representation of K trivial
on KN\ M,_,. Then Vi ® Vs is irreducible with parameter (v, vy,, A(Vi) N A(V3)).
Moreover, A(V;) contains As_;.

(ii) Let V' be an irreducible representation of K. If Vo is an irreducible representation
of K trivial on K N M] with Hompgngy (V2, V) # 0, then Vi = Hompenpyy (V2, V) is an
irreducible representation of K trivial on K N M} and V ~ Vi ® Va.

(iii) Let V' be an irreducible representation of K. Then V ~ Vi @ V, with V; as in
(i) if and only if V' is trivial on M{ N M.

We will not need part (iii), we only included it for completeness.

Proof (i) Let V; be the pullback of V; to K via «. Then V; is trivial on K3 ;, so
Vi @ V, is an irreducible representation of K. Hence V := V; @ Vj is an irreducible
representation of K. If Q) = MgNg is a parabolic subgroup containing B, then

Vg = (Vl)Ng ® (VQ)N%, as N§ = (Ng N Mj) x (N§ N My).

Hence by MIILI0, Ag € A(V) if and only if Ag C A(V;) for i = 1,2, so A(V) =
A(Vi)NA(Vz). Taking Q = B, we deduce ¢y = ¥y, ¥y,. As K NMj_, is trivial on V;,
we get As_; C A(V;).

(ii) This follows from Clifford theory [Abe, Lemma 5.3].

(iii) The “if” direction is obvious. Assume that V is trivial on M] N Mj. Let W
be an irreducible representation of K N M} such that Hom g M} (W, V) #0. Via , W

is an irreducible representation of Ko, which we consider as a representation W of I?
trivial on K7. As V, hence W, is trivial ¢(K)Ne(K2) by assumption, it follows that W
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is trivial on Ker¢, so we have extended W to an irreducible representation of K N G_’,
which is trivial on K N M]. We may view W as an irreducible representation of G’

and we choose an irreducible representation V5 of G such that W occurs in Va|g. By
LI Corollary W = Va|zr and hence Hom gy (Va, V) # 0. By part (i), V ~ Vi@ Vs
with V; as in (i). O

ITI.21. Let (P,0,Q) be a B-triple with P(c) = G. We are now finally ready to
determine the weights of €0 ® Stg. We keep the notation of [ITLTI9 Recall that by
construction o is trivial on M and Stg is trivial on M.

Let us fix a weight V of I(P,0,Q) = ea@StS. We decompose the pullback V of V to
a representation of K = K x Ko, via ¢, as V ~ Vi ® Va. Therefore Hompg (V, ea®St8)
injects into

Hom(V,% ® Stg) ~ Hom z (V4,“0) @ Hom £ (Va, Stg),

where we used that f(l acts trivially on f/g,Stg and f(l acts trivially on f/l,ea. As

St%v has a unique weight ([ILIR), V5 is the pullback via ¢ of the unique weight V3
of St§. By lifting via v : Ky — 1(Ky) = K N Mj, we deduce Homyryy (Va, V) =
Hom g, (Va, V) # 0. By [IL20 Proposition (ii), V ~ V; ® V, for some irreducible rep-
resentation V; of K trivial on K N Mj. We also see by Proposition (i) and
Remark 1 that A(V) N Ay = A(Va) N Ay = Ag N Ay, The natural injec-
tion Hom g (Va, Stg) — Hom e (Va, Stg) is an isomorphism of 1-dimensional vector

spaces, because the right-hand side is isomorphic to Homf((f/g, Stg) via t. Thus the

following lemma, in our situation, implies that V] is a weight of ¢, so Vo is a weight
of o. This proves that (i) implies (ii) in [ILI§ Proposition 1).

Lemma Let o1 be a representation of G trivial on M), o9 a representation of G
trivial on M{. Let Vi be an irreducible representation of K trivial on K N M, Vs
an irreducible representation of K trivial on K N M{. Assume that the inclusion
Hompg (Va, 00) — HomKnMé (Va,09) is an isomorphism. Then the natural inclusion of
Hompg (Vh,01) ® Homg (Va, 02) into Homg (Vi @ Vo, 01 ® 09) is an isomorphism.

Proof Look first at points fixed by K N M} in Hom(V; ® V2,01 ® 02). As K N M} acts
trivially in V; and o7, it is simply Hom(V},01) ® HomKnMé(Vg, 02), so by the assump-
tion it is also Hom(Vj, 01) ® Homg (Va,02). Now K acts trivially on Homg (V2, 02), so
taking fixed points under K indeed gives Homg (V1,01) ® Homg (Va, 02). O

We now prove that (i) implies (i) in [ILI8 Proposition 1). Let V be an irre-
ducible representation of K satisfying (ii). From [ILI2 Proposition (i), V is a weight
of Indga ~ ‘o ® Indg 1. Therefore, V is a weight of I(P,0,Q’) for some parabolic
Q' D P. As we have already proved that (i) implies (ii) in [ILI§ Proposition 1), we
deduce that Ag N Ay = AgN Ay, s0 Q' =Q. O

II1.22. Tt remains to prove part 2) of [ILI8 Proposition. We in fact establish some-
thing more precise, which gives what we need by [ILI12 Proposition. Also, by that
proposition we may assume P(o) = G.

Lemma 1 Let (p,V) be a weight of I(P,0,Q) where P(o) =G.
(i) The quotient map Indg 1— Stg induces an Hg(V')-isomorphism

Hom (V,Ind§ ‘o) — Homg (V,I(P,0,Q)).
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(i1) The inclusion Indg 1 — Ind$ 1 induces an Ha(V)-isomorphism

Homg (V,Ind§ “o) — Homg (V,Indf o).

Proof It is clear that the maps in (i), (ii) are Hg(V)-equivariant. As in [IL21] write
V as Vi ® Vo where V3 is the unique weight of Stg (it has parameter (1,Aq)). By
MIL21] Lemma (the hypothesis is verified by pulling back via ¢, as in [IL21]), we get
isomorphisms

Homy (Vi @ Va,%0 ® Stg) ~  Hompg(Vi,¢) ® Homg (Va, St§),

HomK(V1®V2,eJ®Ind81) ~ Hompg(V1,%) ® Homg (Va,Indg 1),
Hompg (Vi @ V3,0 @ Indp 1) ~ Hompg (V1,%0) ® Homg (Va, Indp 1).

l

The maps Indg 1 — Stg and Indg 1 — Ind% 1 induce on each side vertical maps
which give commutative diagrams. As the vertical maps on the right-hand side are
isomorphisms by [TLI8 Remark 1, so are the vertical maps on the left-hand side, and
(i), (ii) are implied by the following well-known lemma. [

Lemma 2 Let H' be a closed subgroup of a locally profinite group H and indg, the
smooth compact induction functor. Let V be a smooth representation of H' and W a
smooth representation of H. Then there is an isomorphism ® of representations of H,
W @ indd, V= ind2, (W @ V), given by the formula

P(w® f): hr+— hwe f(h) for w € W, f € ind, V.

F) Irreducibility of I(P,0,Q)

I11.23. Proposition Let (P,0,Q) be a supersingular triple. Then I(P,o,Q) is irre-
ducible.

Proof It is enough to prove that if V is an irreducible representation of K and
¢ € Homg (V,I(P,0,Q)) is a Zg(V)-eigenvector with eigenvalue y, then the subrep-
resentation X of I(P, o,Q) generated by ¢(V) is I(P,0,Q). So we fix such a situation
and write (1y, A(V)) for the parameter of V. We prove the result by induction on the
cardinality of A(V).

By [LI4l Corollary 1 we have X = I(P,0,Q) if A(V) C Ap(s), s0 we assume that
this is not the case. We pick v in A(V') but not in A P(o), and let V' be an irreducible
representation of K with parameters (¢v, A(V) — {a}). Note that V},, and Vo are
isomorphic, so that x defines a character of Z¢ (V) via the Satake isomorphism, which
we also denote by .

Via ¢, X is a quotient of x @z v, ind% V. By LIS Corollary Ag(x) = Ay, hence
a ¢ Ao(x). By the change of weight theorem ([V.2] Corollary), x ®z,v) ind% V and
X ®zq(v7) ind% V' are isomorphic unless « is orthogonal to Ag(x), ¥y is trivial on
79N M., and x(7,) = 1 (see for the notation 7,). By induction then, we are
reduced to the case where « is orthogonal to Ag(x), 1y is trivial on Z° N M/ and
X(Ta) = 1. As Ao(x) = Ay, the conditions imply ([(ILIT Corollary) that « belongs to
A(o) C Ap(y) contrary to assumption. [J

G) Injectivity of the parametrization

II1.24. Let (P1,01,Q1) and (Py, 02, Q2) be supersingular triples such that
I(Py,01,Q1) ~ I(P2,02,Q2).
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Let V' be a weight of I(Py,01,Q1), with parameter (¢y, A(V)), and y an eigenvalue
of Z¢(V) in I(P1,01,Q1). We have seen Ag(x) = Ap, (IL19 Corollary) so we deduce
Ap, = Ap, and P, = P,. Write P, = M;N; as usual. By [ILI§ Proposition, VNZQ is a
weight of o; with supersingular eigenvalue x (via S]\(i) Then [ILIT Corollary implies
that P(o1) = P(o3). Taking the ordinary part functor [Emel with respect to
P(o1), we deduce that oy ®Stggal) and “o9 ®Stgg72) are isomorphic as representations
of P(o1) = P(02). From Remark, we get )7 = Q2 and o1 =~ o9. This completes
the proof of the uniqueness in [[.LA] Theorem 4.

We insert here a consequence of the irreducibility of I(P, o, Q) and of the injectivity
of the parametrization, which we shall use in part H) and generalize in Chapter [VI.

Proposition Let P = MN be a parabolic subgroup of G containing B, and o a
supersingular representation of M, inflated to P. Then the irreducible components
of nd% o are the I(P,0,Q), Q a parabolic subgroup of G with P C Q C P(0); each
occurs with multiplicity 1. In particular IndIG; o has finite length.

Proof The representation Indllj(a) o is isomorphic to o ® Ind]]j(a) 1 (122 Lemma 2),
which has a filtration with subquotients o ® Stg(o), one for each parabolic subgroup

Q@ with P € @Q C P(o). The proposition then follows from [IL23 Proposition by
parabolic induction from P(o) to G. O

H) Surjectivity of the parametrization

II1.25. Let (7w, W) be an irreducible admissible representation of G. To prove that
7 has the form I(P, 0,Q) for a supersingular triple (P, 0, @), we use induction on the
semisimple rank of G.

If Ap(x) = A for all weights V' of 7 and corresponding eigenvalues x, then 7 is
supersingular and 7 ~ I(G, 7, G). So we fix a weight V for m with Z¢(V)-eigenvalue
x such that Ag(x) # A. By construction 7 is a quotient of x ®z (v ind% V.

Let P = M N be the parabolic subgroup such that Ap = Ag(x). Consider o0 = x ®
ind%o Vyo. By the filtration theorem (LG Theorem 6, proved in Chapter[V]), X®ind§( \%
has a filtration with subquotients I.(P,0,Q) = Ind% (‘0 ® Stge) where P C Q C P..
So 7 is a quotient of some I.(P,0,Q). If P, # G, then by [HV2 Proposition 7.9] (note
that o has a central character by Lemma) there is an irreducible admissible
representation p of the Levi quotient of P, such that 7 is a quotient of Indge p. By
the induction hypothesis and [IL.24] Proposition, p is an irreducible constituent of
Ind% p1 where P is a parabolic subgroup of P. containing B, and p; is a supersingular
representation of the Levi quotient of P;. Then 7 is an irreducible constituent of
Indl%'1 p1, SO by Proposition it is isomorphic to I(Py, p1, Q") for some Q'

If P. = G, 7 is a quotient of some 0 ® Stg. By [L8 Proposition and Remark, 7 is
isomorphic to ‘o, ® Stg for some irreducible admissible representation o, of M. The
eigenvalues of o are those of m by [ILI8| Proposition, and since Ay; = Ag(x), o has
a supersingular eigenvalue. As Ay # A, the induction hypothesis implies that o is
supersingular, cf. [ILI§ Remark 2, and 7 ~ I(P,0,,Q). O

IT1.26. It is worth commenting on the admissibility assumptions in our results.
The reader may notice that, since admissibility plays no role in Chapters [V] and
[Vl our results would still be true if instead of irreducible admissible representations,
we considered irreducible representations (o, W) such that for some weight (p, V') of o,
Hompg (V, W) contains an eigenvector for Z5 (V). But the classification thus obtained
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would depend on the choice of K, S, B, whereas we shall see in Chapter [V that with
the admissibility assumption it does not depend on those choices. Of course one may
hope that the condition above actually implies admissibility or even, as is the case for
complex representations, that any irreducible representation of G is admissible. Note
that because of our admissibility condition we do not assert that G has any supersin-
gular representation. One of us (F.H.) can prove, by a global argument, that when
G = GL,(F) and F has characteristic 0, supersingular representations of G exist.

IV. CHANGE OF WEIGHT

IV.1. The main goal of this chapter is to establish our change of weight theorem
(V2] Corollary). Before commenting on the method of proof, let us state precisely
what we prove here. We fix an irreducible representation p of K on a space V, with
parameter (¢, A(V)). We consider the “universal” representation ind% V', which we
see as a sub-representation of Ind%(ind%, (Vo)) via the injective canonical intertwiner
(I11.13.1).

We assume that A(V) is non-empty, and we choose a € A(V) and let (p/, V') be the
irreducible representation of K with parameter (¢y, A(V) — {a}). Similarly we con-
sider the universal representation ind% V' as a subrepresentation of Indg(indéo 7o)-

To compare the two universal representations, we fix non-zero vectors v in V and
v in V' which are invariant under UJ,. The image of v in Vo is then a basis of
Vo, and similarly for v'. Using those images as basis vectors, we obtain embed-
dings of ind$ V' and ind% V' into the same representation Ind%(ind%, ¢y). More-
over the Satake isomorphism induces an algebra homomorphism Heg (V) — Hz(¢v);
the algebra Hz(1y) acts on indgo 1y, hence on Indg(indgo 1y ), and the embedding
ind% (V) — Ind%(ind%, 1v) is He(V)-equivariant. We have similar properties for V.
Note that He(V) and He (V') have the same image in Hz(1y ), so we identify them
with that common image, which we write H¢, and similarly we write Zg for their
common centre.

For z in Z normalizing 11/, we have the function 7, in Hz(¢y) with support Z°z
and value 1¢ at z. Recall from [[ILI6 the notation a, and 7, = 7, , when vy is trivial
on Z°nN M.

Theorem Let z € ZT. Assume that z normalizes 1y and that |o|(z) < 1. We have:
(4) 7. (ind% V) € ind% V',

(i) If by is not trivial on Z° N M, then 7, (ind% V') C ind% V.

(i34 If by is trivial on Z° N M., then 7.(1 — 7,)(ind% V') C ind% V.

Remark In (iii) 7.(1 — 7,) = 7> — 724, belongs to Zg(V) if z € Z,,, and za, belongs

to ZT; moreover, if |a|(z) is small enough, za, belongs to Z7.

IV.2. We obtain our change of weight theorem:

Corollary Let x be a character of Z¢ and assume that o ¢ Ag(x). Then x®z, ind% v

and X ®zq ind% V' are isomorphic unless « is orthogonal to Ag(x), Yy is trivial on
70N M., and x(10) = 1.

We remark that x(74) is well defined if « is orthogonal to Ag(x) (IL4, MILI6
Notation).

Proof Choose z as in the theorem, with x(7.) # 0. For example, we can take for
z the element z, of [IL4] since o ¢ Ag(x): then x(7.,) # 0. Multiplying by 7, in
Ind%(indZ, ¢v) is Zg-linear, so, when ¢y is not trivial on Z° N M, by (i) and (ii) of
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the theorem, 7, induces G-equivariant maps from ind% V to ind% V' and back. The
composites in both directions are given by the action of 72. Tensoring with y, we see
that the representations x ®z. indf( V and x ®z, indIG( V' are isomorphic, because
x(72) # 0. That gives the desired result when 1y, is non-trivial on Z° N M.

Assume then that )y is trivial on Z° N M. Replacing z by a positive power, we
may assume za, € Z1. If o is not orthogonal to Ag(x) then there is 8 in Ag(x) with
|Bl(zan) < 1 and then x(7.4,) = 0, so the same reasoning applies, using (iii) instead
of (ii). It similarly applies if « is orthogonal to Ag(x) and x(7,) # 1. O

IV.3. Let us now comment on the proof of [V.I] Theorem. We abbreviate ¢ =
Yy, J =AV),J = J —{a}, and X = Ind§(indZ, ).

We first remark that ind% V' is generated, as a representation of GG, by a single
element, the function with support K and value v at 15. We write f for its image
in X: it is described explicitly in [V.4] below. Similarly we have a function f’ in X,
corresponding to v’, which generates the subrepresentation ind% V.

Let I be the pro-p Iwahori subgroup of G which is the inverse image in K of U ,‘;
We use work of the fourth-named author [Vigd] which determines the structure of the
Hecke algebra H = H(G,I), the intertwining algebra in G of the trivial character of
I. The space X! is a right module over H, and for z € X! and T in H, =T belongs
to the G-subspace generated by z. By construction f and f’ belong to X and to
prove the theorem we show that: for (i) 7. f € f'"H; for (ii) .f" € Zaf + fH; for (iii)
7.(1 = 7)f" € Zaf + fH. That is not an easy matter and takes up the rest of this
chapter.

IV.4. Let us first identify f as an element of X!; the obvious analogue will hold
for f'.

As G = BK it is enough to specify f at g € K. Going through the construction of
the embedding ind% V — Indg(indgo 1) we get that for g in K, f(g) is the function in
ind%, ¢ with support Z° and value (g) at 1, where gv = £(g)v in Vyyo, bars indicating
the images under V' — Vyo.

The value £(g) depends only on the image g of g in K/K (1), we write accordingly
e(g). By [HV2, Corollary 3.19] we have £(g) # 0 if and only if g belongs to By, Py ;B,"
(recall from [[IT.9 Definition that Py is the stabilizer in G}, of the kernel of the quotient
map V' — Vpo); that last set is also Py U ,Sp. We can be more precise; we obviously have
e(gr) = (g) for x € UR”, so it is enough to describe €|p, . Since Py, is the stabilizer
in Gy, of the kernel of V' — Vo, the restriction ¢ Py isa character Pjj — C*; as such

it is trivial on unipotent elements. On Zj it is given by the action of Z; on VU or
Vu,, so it is equal to ¢ there. In other words, on Py the character e is simply the
(unique) extension of ¥ to Pyy.

IV.5. To relate f and f’ we shall express both of them in terms of Hecke operators
in the subalgebra H (K, I) of H(G, I) acting on a single function fy in 7.

We first describe the double coset spaces I\G/I and B\G/I. Recall that the Weyl
group Wy of G' can be seen as N°/Z% or N},/Z,. As G = BK the inclusion of K in
G induces a bijection B°\K/I ~ B\G/I; as moreover I contains the normal subgroup
K(1) of K, reduction mod K (1) induces a bijection B°\K/I ~ B;\G}/U,” and the
Bruhat decomposition in Gy, gives a bijection Ny /Z, ~ Bk\Gk/ng. All in all, we see
that the map AN — B\G/I g~ BglI induces a bijection Wy = N?/Z° ~ B\G/I.

MBeware of the notation: here, for convenience, we write I for a pro-p “lower” Iwahori subgroup.
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On the other hand, the map N' — I\G/I induces a bijection N'/(ZNK (1)) ~ I\G/I
and, by restriction, a bijection N°/(ZNK (1)) ~ I\ K/I. Under reduction modulo K (1)
we get the bijection N, ~ U, ,?p\Gk / U;;p given by the Bruhat decomposition.

Notation We put Z(1) = Z N K(1); it is a normal subgroup of Z, and the maximal
pro-p subgroup of Z% We write ;W for the group AN /Z(1) and Wy for the group
N°/Z(1) (naturally isomorphic to A}), W for the group N/Z°. We have obvious
exact sequences of groups

1—>Zk—>1W0—>W0—>1,
1—Z, — W —W — 1.

Moreover W is the semi-direct product of A = Z/Z% with Wy viewed as N°/Z%. We
also put 1A = Z/Z(1) and 1AT = ZT/Z(1).

For g in G we write T'(g) for the double coset IgI viewed as an element of H(G, I).
On an element ¢ in X7 it acts via

(IV.5.1) (¢T(g9))(h) = Z @(hzg™t) for h € G.
zel/(INng—11g)

When g € N, T'(g) depends only on the class w of ¢ modulo Z(1), and we write T'(w)
for T'(g). In a similar manner, reduction modulo K (1) gives an isomorphism of H (K, I)
onto H (G, U.®); accordingly for g € K, T(g) depends only on the reduction g of g in
Gy, and we write also T'(g). In fact we shall also have use of the Hecke algebras with
integer coefficients Hz (G, I) and Hz(K,I) (isomorphic to Hz(Gy,U,”)) and we use
the same notations 7'(g), T'(w), T(g).

IV.6. Basic generators and relations for Hz (G, I) and Hz (K, I) are given in [Vigd].
By tensoring with C' they give generators and relations for H(G, I) and H(K,I). We
now state the results we use, referring to loc. cit. for details. We need a bit more
notation, though.

For B € A, we let sg be the corresponding reflection in Wy. We put ¥y = {s3 |
B € A}. The pro-p Iwahori subgroup I is attached to an alcove a in the (semisimple)
Bruhat-Tits building of G, with vertex the special point xg, and we let X be the set of
reflections across the walls of a, so that ¥y appears as the subset of reflections across
walls passing through xg. Then ¥ generates an affine Weyl group W% canonically
identified with the subgroup (N NKerwg)/Z° of W; also W is the semi-direct product
of its normal subgroup W and the subgroup 2 stabilizing the alcove a. We let ¢ be
the length function of the Coxeter system (W% ¥) and we extend it to W, trivially
on €, i.e. so that f(ww) = ¢(w) for w € W, w € Q; on Wy it restricts to the length
function of the Coxeter system (Wy, ). Inflating through W — W we get a length
function on 1 W and 1 Wy, still written ¢. The operators T'(w) in Hz (G, I) for w € {W
satisfy the “braid relations”

(IV.6.1) T(w)T(w") = T(ww') when £(ww') = £(w) + £(w").

There are other relations, the “quadratic relations” Proposition 4.3]. Essentially
there is one such relation for each s € . It comes directly from the finite field case,
treated in [CEl 6.8]. For s € ¥, s = sg for some § € A, we may describe the relation
as follows: let ng be a lift of sg in N, N Mp . (so that n7 belongs to Z, N M}, ); then
the quadratic relation for T'(ny) is:

(IV.6.2) T(ns)(T(ns) = cn,) = ¢sT(n3),
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where ¢; is a power of p, g5 > 1 and

(IV.6.3) Cn, = (qs = V[ Zis 1Y T(1)),
te€Zp.s

where Zj s is the group Z N Mj,. The number (g¢s — 1)|Zy.s|71 is an integer and
T(ns)cn, = cn,T(ns). Note that ¢,, actually depends only on s, so we may also write
it cs.

Remark In the C-algebra H(G, ), gs equals 0, so the relations simplify somewhat.
We always embed the group algebra of Zj over C' into H(G,I) by sending t to T'(t);
for s = s3 as above we have 1(c,,) = —1 if v is trivial on Zj , (i.e. 5 belongs to the
set A(¢)) of [ILY which contains J), and ¢(c,,) = 0 otherwise.

Proposition There is a unique extension of the map s — ng from Xg to N}, to a
map w — Ny from Wy to Nj such that Ny = Nywny for w, w' in Wy such that
Lww') = (w) + L(w').

Proof (Another proof is in Proposition 3.4].) Uniqueness is obvious, as we must
have n,, = ng, - - - ng, for each reduced decomposition w = sg- - - s, of w in Wy with the
s; in Xy. Existence will be consequence of [Bk| §1, n® 5, Proposition 5] once we prove:

(%) For s, s’ distinct in X, and m the order of ss', then (ngny )’ = (ngng) if m = 2¢
and (nsng)ng = (ngns)ng if m =20+ 1.

To prove (%) we may assume that Gy is semisimple simply connected of relative
rank 2, with W} generated by s and s’, corresponding to the two simple roots 3 and
B'. But then the result follows from [BTIL 6.1.8] applied to the valued root datum
associated to (Gg, Sg, Br): indeed we can always put reduced roots of ® in a “circular
order” as required by loc. cit., with 3 first and 8’ in the m-th position, in which case
loc. cit. formula (9) gives exactly the required equality (%) above. [J

Henceforward we use the extension w — n,,, and we put v, = n;L for w € Wy; in
particular if w, w’ in Wy satisfy £(ww’) = £(w) + £(w'), then vy = vyl
IV.7. We are now ready to define fy (as promised in [V.5]) and study the action of
H(K,I) on it. We let wq be the longest element in Wj.
Definition The function fo in X! has support Bu,,I and its value at vy, is the
function ey, in indgo Y with support Z° and equal to 1 on Z°.

Note the abuse of notation: we should choose a representative 7, of v, in N9 but
neither the coset Br,,,I nor the value at v, depend on that choice. We shall allow
similar abuse of notation below. Note also that fy depends on the choice of v,,.

Notation For z € Z; and w € Wy we put w - 2z = nyzng! (it is simply the natural
action of w € Wy = N /Z on Zj); more generally we shall use a dot to denote a
conjugation action, which will be clear from the context.

Lemma For z € Z;, we have 2z~ ' fo = ¥(wo - 27 1) fo = foT(2) = Twg-=fo-
The last equality in the lemma will be generalized below ([V.10)).

Proof Since Z° normalizes I, the first equality in the lemma comes from an immediate
computation, whereas the equality foT(z) = z~! fo comes from (IV.5.1). The equality
T.fo = (271 fo is equally easy. [J

Proposition Let w € Wy. Then foT (n,) has support BuygI and value ey, at V-

Proof As fyT(n,) is I-invariant, it is enough to compute its value at v, for w’ in
Wo. By definition (foT(ny))(g) = fo(ghny') for g € G, where the sum runs over h
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in I/(ng'In, NI). Assume that for such an h, fj is not 0 at v,,yhn_'. Then looking
modulo K (1), we get that l/w/U;;pnl_Ul N By, U;;p is non-empty, and, multiplying on
the right by v 1, that v, U Pny vyt N By # 0 and hence By U.P N By, nwULY # 0;
by the Bruhat decomposition in G}, that implies w’ = wow. Assume that w' = wow;

then h belongs to v By, In,,. However note that ¢(wow)+£(w™t) = £(wp) (because
wp is the longest element in Wy), so that vy v,-1 = v,; we deduce that the image of
h in Gy, belongs to ny' By n, NUY = ny,'UPn, NU.Y. But that shows that & belongs
to ny'Iny, NI and consequently (foT'(nw))(Vwgw) = fo(Mwewng') = fo(Vw,) = €p. O

Corollary f= > foT(ny).

wewoWy

Proof By the description in [V.4] for w in Wy, f(vy) is equal to ey if w belongs to
W and is 0 otherwise: we only have to remark that P;,U.* = B,W;U.”, and since
W(Z N Mé x) = 1 for g € J, the character ¢ of [V.4lis trivial on v, for w € W;. O

IV.8. We need to determine the action of ¢, on foT'(ny) for s = sg, B € J. We
recall that J C A(¢).
Proposition Let § € A(y), s = sg and z € Z N MIA(w),k' For w € woWayy, we
have

foT (nw)T(2) = fo T (nw) and

JoT(nw)en, = —fo T (nw).

In particular fc,, = —f.
Proof By [IL10] Example 2, ¢ is trivial on Z; N M/A(w) p- BY V7l Lemma then, we
get foT'(z) = fo for z € Zx N wOM’A(w) LWy . The braid relation gives T'(n,)T(t) =
T(w-t)T(ny) for t € Zy, w € Wo. For z € ZkNM ), we have w - z € ZyNM ;. for
w € Wa(y), hence (wow) -z € Zy, ﬂwoM’A(w) kwal, and consequently foT (ny,w)T(z) =
foT (nwow). That gives the first assertion.

The second one comes from the expression of ¢,, in (IV.6.3), noting that g5 gives 0
in C; the last assertion follows from [[V.7] Corollary. [

IV.9. Notation Let wy be the longest element in W; C Wy and put w’/ = wow,
(note that w; and wg have order 2). We put f; = foT'(n,.).

Lemma 1 Forw € W we have (i) £(w’w) = £(w”)+L(w), (ii) T(nysy) = T (s )T (M),
and (iii) foT (nyrw) = f7T(nw).

Proof We have {(w/w) = {(wowyw) = £(wo) — L(wjw); if w € W, we also have
l(wyw) = L(wy) — £(w) so we get £(w/w) = £(w’) + ¢(w); by the braid relation
T(nyry) =T (ny,s)T(ny), and the last assertion follows. [

By Lemma 1, and [V.17 Corollary, [V.8 Proposition, we have f = . f;T(n,) and
weW
for w € Wy

(IV.9.1) fiT(ny)en, = — 1T (ny).
For s € ¥y we put T*(ns) = T'(ns) — cn,, so that in Hy (K, I) we get
T(ng)T*(ns) = T*(ns)T(ns) = ¢sT(n?) (=0 in H(K,T)).

That definition can be extended to defining 7% (n,,) for w € Wy, so that T™ (nyw) =
T* (g ) T* (N ) if L(ww') = L(w) + £(w') Proposition 4.13]. We now use the
Bruhat order < on the Coxeter group Wj.
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Proposition For w € W; we have

fi( Z T(ny)) = f1T*(ny) and in particular

v<w

f = fJT*(an) = fOT(an)T*(an)‘

A similar proposition can be found in [OII2] Lemma 5.1].

Proof We use induction on ¢(w). The result is true for w = 1. If l(w) = £ > 1, we
write w = w's with /(w') =€ —1,4(s) = 1. As l(w) = £(w') + £(s) we have T*(n,) =
T*(ny)T*(ng) = T*(ny )(T(ns) — cn,). By induction f;T*(ny) = > fiT(ny).

v<w’
Remembering that for v in W; we have T'(n,s)T(n,) = T'(n,.,) and by (IV.9.1)
fiT(ny)en, = —fsT(ny). So finally we obtain

SiT™(nw) = 4T (nu ) (T'(ns) + 1).
By induction f;T*(ny) = >, f;T(ny), sowe want to compute A = > f;T(n,)T(ns).

v<w’ v<w’

Divide the set of v < w’ in the disjoint union X LY UY's where
Y = {veW;, v<uvs<u'},
Ys = {veW;, vs<v<u'},
X = {veW;, v<uw and vs £ w'}.

In A, the subsum over Y UY's is

Z fo(T(nvs) + T (nw))T (ns).-

veY
But for v € Y, we have v < vs 80 T'(nys) = T'(ny)T(ns) and f7(T (nys)+T(ny))T (ng) =
fiT(ny)(T(ng) + )T (ns). By (IV.9.1) that equals f;T(n,)T*(ns)T(ns) which is 0
because T*(ns)T(ns) = 0in H. So A= > f;T(ny)T(ns). Since for v € X, we have

veX
v<wvsweget A= > fiT(nys).
veX
The proof will be complete once we get:

Lemma 2 Xs = {v e Wy, v <wand v £ w'}.

Proof We use properties of the Bruhat order [Deol Theorem 1.1 (II) (ii)]. Let a, b in
W with a < b. Then:

(1) If @ < as then a < bs; (2) if b > bs then as < b.

Let v € X, le. v <w',vs £ w'. Then by (2) applied to a = v,b = w, we get vs < w.
Conversely let v € Wy verify v < w and v £ w'; if v < vs then v < w’ by (1) applied
to a = v, b = w, which is a contradiction; so vs < v < w, which gives vs < w’ by (1)
applied to a = vs and b = w. That proves the lemma. [

IV.10. We now turn to the promised generalization of [V.7] Lemma which will be
used in [V.15

Proposition Let z € Z with 2= € Z*. Assume that vy, - z normalizes 1. Then
foT'(2) = TVw0~zf0-
Remark If 27! belongs to Z*, vy, - z also belongs to Z+, and conversely.

Proof As both terms are [-invariant, we only need to check that they are equal at
vy for w € Wo. Now (foT(2))(g) = . folghz~1) for g € G, where the sum runs over
h € I/(z~'IzN1T). But I has an Iwahori decomposition and the assumption that z~!
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belongs to Z* gives 2~ Y (INU)z C INU, 2~ Y (I NUsp)z D I N Upp, thus the inclusion
of I'NU into I induces of bijection of (I NU)/(2 1 IzNU) onto I /(2 '1zN 1), and it
is enough to let h run through (INU)/(2~'1zNU). For such an h, v,hz"! belongs to
Buy, I only if w = wp: indeed v,hz=t € Bn,U and By, C Bny,,U, so the Bruhat
decomposition in G implies w = wg. Consequently both terms of the desired equality
vanish at v, for w # wy.

Consider now (foT(2))(Vw,). Let h € I NU with vy hz™! = buy,j for some b in
B, j in I; again by the Iwahori decomposition of I, we may assume that j belongs
to I NU and then the equality h = (v, br,)z(271jz), where vy b,z € B and
27 1j2z € U, shows that h is equal to 2~ 'jz and belongs to =11z N U; consequently
(fOT(Z))(Vwo) = fO(Vwoz_l) = fO((Vwo 'Z_l)ywo) = (Vwo 'Z_l)fO(Vwo)' That is equal to
(Vg -2~ 1) ey, which sends 2 to ey (2/ (Y, -271)). On the other hand if v, - 2 normalizes
Y, we have (Ty, 2f)(Vw,) = Tuy, -2y, sending 2’ to ey ((Vu, -z~H2"). That gives the
result since v, - z normalizes 1. [

IV.11. To go further, we need other generators, indeed other bases, of Hz(G,I).
They are constructed in Ch. 5] using (spherical) orientations. We need not
know what such an object is, only that it is determined by a Weyl chamber in the
vector space Voq = Xy (Saq) @R, where S,q is the torus image of S in the adjoint group
G.q of G. We have the dominant Weyl chamber DT = {v € V,q, B(v) > 0 for 8 € A},
and the antidominant Weyl chamber D~ = —DT = wyD™. Of course Wy acts, on the
left, on the set of Weyl chambers, hence on orientations; but as in loc. cit., we let Wy
(and hence W via {W — W)) act on the right on orientations by (o, w) — o - w,
so that if an orientation o corresponds to the Weyl chamber D, o - w corresponds to
w (D).

We recall the natural map v : Z — V.4 used in 3.3]: the action of z € Z on Vg
is via translation by v(z). We remark that v is the composite of —vz : Z — X, (S)®R
with X, (S) ® R — Viq. By loc. cit. Z7 is the set of 2 € Z such that v(z) belongs to
the closure of D~ (i.e. fov(z) <0 for B € A). The map v factors through A and A,
and we still write v for the corresponding maps.

Note however that in citing loc. cit. Ch. 5, some care is needed.

The first thing is that the roots in loc. cit. are in the reduced root system ®, on V,q
attached to the collection of affine root hyperplanes in V,q (it is denoted X in loc. cit.).
It is not in general the root system ® attached to (Gaq,Saq). Let us describe what is
happening. The space Voq = X.(Saq) ® R is naturally a quotient of X,(S) ® R, and
its dual X*(S,q) ® R appears as the subspace of X*(S) ® R generated by the roots in
®, which are then the same for (G, S) and (G,q,Saq). The coroot in V,q attached to
a given root 3 in ® is the image of 8Y € X,(S), we also write it 3Y. The root system
®, on V,q can be described from ® as follows. For each § € ®, there is a positive
integer eg such that ®, is the set of 3, := egfs for § € ® — in particular esg = eg/2 if
28 € ®. The root systems ®, and ® share the same Weyl group Wy, and consequently
the same Weyl chambers. The choice of Weyl chamber defining ®* also defines ®
and 8 — [, gives a bijection of A onto the set A, of simple roots in ®,. Note also
that (8, o v)(A) C Z and that the coroot in V,q associated to 8, € @, is ) = eglﬁv.

Examples 1) If G is split, then &, = ®, eg =1 for g € .

2) For G = GL,(D), where D is a central division algebra over F, of finite degree
d?, then eg = d for all 8 € ®.

3) Assume that G is semisimple simply connected of relative rank 1. Then there is
only one positive root 8 and B, 0ov(A) = 27Z (loc. cit. 5.14). Going back to the situation
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of [IT.T6 with no condition on the reductive group G we deduce that v(ag) = 3y, since
(Ba, BY) = 2. In particular vz(ag) = —eglﬁv.

The second thing to be careful about is that the choice of Iwahori subgroup corre-
sponds to a choice of alcove with vertex xg, and positivity conditions are with respect
to that choice. As we work with the “lower” pro-p Iwahori subgroup I, the alcove with
vertex xg which corresponds to [ is the one contained in D™, so positive roots in loc.
cit. Ch. 5 correspond to negative roots here. In citing loc. cit. Ch. 5 therefore we either
have to exchange positive and negative roots, or to replace v with —v; we choose the
first solution. For example X7, DT in loc. cit. correspond to ®,, D~ here.

IV.12. Let o be an orientation. By Corollary 5.26] it gives a basis (Ey(w))we,w
for Hz(G,I). In Hz(G,I) some computations are easier because it is a “characteristic
zero” algebra. The above basis of Hz(G,I) specializes to a basis (Ey(w))we,w of H
over C: we use the same notation, making the context precise when necessary.

To w € 1W is attached an element ¢, in Z, such that ¢,, = g5 for s € ¥p and ¢, = 1
if /(w) = 0. The main relations in Hz(G, I) satisfied by the E,(w) are the following
relations: for w, w’ in {W,

(IV.12.1) Eo(w)Epp(w') = qw,w/EO(ww') with gy = (Qwa’Q;i}/)l/Q‘

Beware that in general o - w # o, although it is the case when w € ;A. Note that
quw = 1 if and only if {(ww') = ¢(w) + £(w'), and gy gives 0 in C otherwise (loc.
cit., Remark 4.18 and Lemma 4.19).

In particular, if A, is the subspace of ‘H with basis (E,(\)) for A € 1A, the multi-
plication in A, is straightforward:

E,(AN) i 6ON) = £(\) + £(N),

IV.12.2 E,NE,(\) =
( ) (A Eo(X) {0 otherwise.

Thus A, is a subalgebra of H. In fact the condition £(AN) = £(\) + £(\') means that
v(A) and v()\') belong to the same closed Weyl chamber in V.4, cf. loc. cit. 5.12.

If 0 is an orientation, we let A, be the set of A € A such that v(\) belongs to the
closure of the corresponding Weyl chamber; we similarly define 1A,. For A in 1A,, we
have E,(A) = T'(\), loc. cit. Example 5.30.

We shall need the orientation o; attached to a subset I of A: by definition it is
the orientation corresponding to the Weyl chamber w;(D™). Hence oa corresponds to
D™, oy corresponds to D™, oy = op - w!, Ay, = wy - AT (hence 1A,, = vy, - 1AT). For
w € W we then have E,, (n,) = T(ny), loc. cit. Example 5.32. (Note that w;(D™)
here equals wr (D) in loc. cit. which corresponds to 0,,(a) in loc. cit.)

IV.13. We need some length formulas (loc. cit. Corollary 5.10 and 5.11). We have
to be careful to remember that 7 in loc. cit. corresponds to ®, . For A € A, w € Wy,
we have

(IV.13.1) Lw-X) =Y [Bov(\)] =L(N),

pedd
(IV.13.2) ((w)) = > 1Bov(A)|+ > 1Bov(A) = 1],
BedTNnuw—1(dF) BedTNuw—1(®7)

(IV.13.3) (Aw)y= > Bov(W+ > [Bor(N)+1].

BED Nuw(®7) Be®E Nw(®y)
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Note that for 3 € A and w = sg = w™!, sg permutes & — {3,} and sends 3, to —f3,
50 0F N35(0;) = {fa}.
Lemma Let I C A. Then, for A € A,,, £L(w!\) = £(w!) + £(N).

Proof By (IV.13.2) we need to check that Sov(\) <0 for B € @ N (w!)~1(®7); but
A € Ay, means that Bov()\) >0 for B € w;(®) = (w!)"H@T). O

IV.14. An important result in this chapter is the following (see [OIl, Section 5] for
GL,).

Theorem Let w € Wj;. Then for A € 1A,

T(Vw,nw) - AN) faT () if (Y, na) - A € 1A and normalizes 1,

T (nw)Ey, (N) =
The proof of the theorem is in [V.I5HIV.I8l Taking w = w; we get by [..9 Propo-

sition:
Corollary For A € 1A,

TN f if A € 1AT and normalizes 1,

fEOJ()\):{O if)\¢1A+.

Remarks

1) We have used the notation 7(u) for p € 1AT to mean 7, for z € Z1 with
image p € 1AT. The shift of indices is only for typographical convenience.

2) As 9 extends to a character of M by [NV.4] each n,, for w € W; normalizes
1, and it follows that A normalizes v if and only if so does (v, ny) - A.

3) The subspace of A,, generated by the E,,(\) for A in ;A normalizing ¢ is
a subalgebra A, () of A,, The map A,,(¢)) = Hz(v)) sending E,,()\) to
T((V ;M) - A) if (V) - A € 1A and to 0 otherwise is an algebra homomor-
phism 0,,, n,,, and for T' € A,, (1)) we have

fJT* (nw)T = Hqunw (T)fJT* (nw)

4) The theorem says nothing when (1,,n,,) - A € 1AT and does not normalize 1.
We do not use this case.

IV.15. We prove the theorem by induction on ¢(w). We treat first the case where
w = 1. Recalling that f; = foT'(n,s), we want to compute foT'(n,s)E,,(\). By
V.12, we have T'(n,,s) = Ey, (n,.7), so we look at E,, (n,7)E,, (\).

Assume first that v, - A belongs to 1A, i.e. that A belongs to 1A,,, and that 1, - A
normalizes ¢. Then [V.13 Lemma gives £(n,,s) + €(\) = £(n, ), hence E,, (n,\) =
Eo\(ny1)Eo,(N). Since €(n,s - A) = £(X) by (IV.13.1), we also obtain £(n,s - \) +
l(n,s) = L(n,sA) hence E,, (N0 A) = Egp (0 - N) Eg (1,7), and finally

Eop (7 - N Eop (nyyr) = Eop () Eo, (A) = T () Eo, (N).

We can apply Proposition to n,,s - A. Indeed vy, - (1,7 - A) = (VN ) - A and
VipgMeyd = V- Since by [INVI2A E, , (7 - A) = T'(ny,s - A), that gives foE,, (g, - A) =
T(Vw, - A) fo, 80 T(V, - A) fr = foEon (N - AT (ny,7) = f1E,,(N), which is the desired
formula when v, - A belongs to (A™.

Fix a regular such A and let A € 1A —1A,,. Then E,,(\)E,,(\) =0 by (IV.12.2),
and f1E,,(\)E,,(XN) = 0, implying 7(vw, - A)f7E,,(N) = 0. Since 7(vy, - A) is
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invertible in Hz(v), we get frE,, (A') = 0, which is the formula we want for X'. The
theorem is proved for w = 1.

IV.16. Now let {(w) = ¢ > 1, and write w = w's with {(w') = ¢ —1 and s = sg for
some 3 € J — note that w'(3) € ®* since £(w's) = £(w') + 1. In particular n, = nyns
and T*(ny) = T ()T (ns).

We need to investigate T*(ns)E,, () for A € 1A. Suppose we can prove

(*) fJT*(nUJ/)T*(nS)EOJ ()\) = fJT*(nw’)EOJ (ns : A)T*(ns);

then the desired formula follows from the induction hypothesis. So we need to compare
E,,(ns - \)T*(ns) and T*(ng)E,,(X). By loc. cit. Corollary 5.53 we have, for any
orientation o such that Ker 5 is a wall of the Weyl chamber corresponding to o:

(IV.16.1) If Bov(\) =0, Ey(ng-\Eo(ns) = Bo(ng)Es(\):
if Bov(A) >0, E,(ns A)E,(ns)= Eys(ns)Eo(N);
if Bov(N) <0, E,(ns-A)E,s(ns) = E,(ns)E(N).

We now apply the results in loc. cit. §5.4 to our case, where o = 0;. (We need to
point out that since g € J, Ker(3) is a wall of the Weyl chamber corresponding to o;
also loc. cit. uses the notation s for an element of 1 Wy, where we use ng, but we do have
n2 € Zj, as required by loc. cit. 5.35 and 5.36.) Since 3 € J, we have E,,(ns) = T(ns)
(IV12) and E,,.s(ns) = T*(ns) by loc. cit. Example 5.32. So we get:

(IV.16.2) If Bowv(A) =0, E,,(ns-ANT(ns)="T(ns)E,, (N);
if Bov(A) >0, E, (ns-ANT(ng)=T"(ns)E,,(N);
if Bov(A) <0, E, (ns-ANT*(ng)=T(ns)E,, ().

IV.17. Accordingly we distinguish the three cases.
Assume first o v(\) = 0; then formula () of [V.16 follows from (IV.16.2) and the
following lemma.

Lemma Assume Bov(\) =0. Then E,, (ns - N)cp, = cn,Eo, (N).

Proof We work within the Levi subgroup Mg of G. As fov(\) = 0, A normalizes
KNMg (IL7 Corollary). (Note that K NMg is the parahoric subgroup of Mg attached
to our special point X¢; A also normalizes the pro-p radical K (1) N Mg of K N Mg.)
Consequently A acts via conjugation on Mg ; that action stabilizes Ug j, and UESC, so it
also stabilizes the subgroup M, A . they generate. Consequently A acts via conjugation
on Zys= ZpN M[Ii,k- On the other hand, an element t in Zj, ¢ has length 0, implying
E,,(ns - NT(t) = E,,((ns - A\)t) and T'(t)E,, () = E,,(tA). Now, computing in ;W
(ns - ML = (nsAng AT (MATY). As ¢ runs through Zj s, so does MA™1; on the
other hand, by construction ng belongs to Mé,k so nsAng !A~! belongs to Zy 5. The
result follows. [J

IV.18. Assume now that o v(\) < 0. Since w'(5) is positive, (wyjw's)(8) =
—wyw'(B) is positive too. But ((wyw's)(53)) o v, evaluated on vy, ,n,(X) gives (s(f5) o
v)(A) = —Bov () > 080 14y, ny (A) is not in 1 AT, and consequently f;7*(n,)E,, (A\) =
0 by the induction hypothesis. But by (IV.16.2)

FaT" ()T (n5) Eo; (A) = Eo, (s - )T (15)] = = £ T (N )en, Eo ; (A)-

Since fiT™* (N )en, = — f7T*(ny) by V.8 Proposition, — f ;1™ (ny)cn, Eo, () is equal
to f7T*(nw)Es,(N), which is 0 by the above, and (x) is true in that case too.
The case where o v(A) > 0 is dealt with similarly: in that case we find

LT (nw ) [T (ns) By (A) — Eoy (s - )T (ns)] = T (nuw ) Eo, (s - A)en,
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by (IV.16.2) and that is 0 by induction because v, ,;n,,(A) is not in 1A (as (wyw(B))ov
is positive on it). This completes the proof of [V.14] Theorem. [J

IV.19. We now reach the easier part of our change of weight, which is a consequence
of the following theorem.

Theorem Assume that X € 1A normalizes 1. Then

TN f M€ AT and aov(N) <0,

0 otherwise.

F'Eoy, (gt VT (s, ) = {

Taking z € ZT, normalizing v, and with |a|(2) < 1, we get f'T = 7, f for some T
in H, which gives [V.I] Theorem (i). To prove the theorem, we first prove:
Lemma f/ = fJT’>k (nij(,/wj)T(anw(,/)-

Proof By V.7 Corollary, f' = fo Y. T(ny), which can also be written as f' =

wewoeW ;1

fo > T(nwgvw,, ). For v in Wy, write wovwy = w’ (wyvwy)(wywy). We have
veW y

Lwovw ) = L(wy) — L(vwy) = L(wo) — L(wyr) + £(v) (since v € W),
and
K(w‘]) =l wo) — L(wy), L(wrowy) =L(v), Lwywy) =L ws)—Llwy),

so L(wovwyr) = £(w?) + L(wjvwy) + £(wywy). Consequently

Z T(nwova/):T(an)( Z T(anvWJ))T(nWJwJ/)

UEWJ/ UEWJ/
and f' = faC > T(nw.szj))T(nw.zwy)-
UGWJ/
Now J"” = —wy(J') is a subset of J and w;W w; = Wyn; the element wyw ywy is

the longest element of that group, hence

Y Tlww,)= Y, Tl

veW 5 v<w gw yrw g

By [[V.9] Proposition
f10 Y2 Tw) = fiT* (nw ;)

v<w gw jrw g

S0 f, = fJT*(anwJ/wJ)T(anwJ/)- g

Proof of the theorem Put v = wjw;,. Note that since v € W, n, - A normalizes v,

see [V.14] Remark 2).
By the relations (IV.12.1) we get

qnv,Anv_lEoJ (ny - A) = Eo, (nU)EOJ'U()\n'ljl)'
On the other hand E,, (n,) = T'(n,) for w € Wy, so we get
T(nu)Boyv(Any ') = G, 31 Boy (- A).
We now compute
f/EOIU()‘n;l) = f,T" (nw.lele)T(nU)EOJ'U()\nQTI)
= G, 1 ST T (N jrwy ) Eoy (M - A).
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By V.14 Theorem we see that f;T™ (1w, w,w,)Eo, (N - A) is 0 if A ¢ (AT If
aov()) =0, since v(a) € d~, L(Av™1) > £(\) — L(v™Y) = L(v - \) — £(v) by VI3 so
qnv,)\nv 1=0.

Assume aov(A) < 0and A € 1AT. Let 8 € &+ with v(8) € ®~. Since v € Wy, 3 is
a linear combination of roots in J (with non-negative integer coefficients). Moreover
wy(B) € &, so the coefficient of o in 3 is positive. Then for f € ®T Nv~1(®7)
we have S ov()\) < aov()) by the above, so 8o v(\) < 0, which implies by
that £(Av™1) = £(v-X) —L(v™ ) and f7T* (N jw wy ) Bo, (N A) = T(A) f1T* (N yw )
by [V.14] Theorem (indeed, £(wjwywy) + £(v) = L(wy) implies Ny w w, Mo = Ny,
SO Vi, Mwyw,wyMe = 1).  The theorem follows on multiplying by 7*(n,), noting
T* (N yw s )T (M) = T*(N,) and 0y = 05 - v. O

IV.20. We now turn to the other part of the change of weight, which is harder. From
now on, we put s = s,.

Lemma f' = f — f;T*(ny,s) = f7T*(nw,s)T(ns).

Proof By IV we have f = f;( > T(ny)) and fiT*(nw,s) = fJ( > Tw> S1)

wlw w<lw s
[ = fiT*(nw,s) = f7(3°T(ny)) where the sum runs over w in Wy with w £ wys;
but for w € Wy, w < wys is equivalent to s < wjw, so w ﬁ wys means that
wyw belongs to Wy Consequently f — fiT*(ny,s) = fJ( > T(nw(,w‘],w)) =
wEWJ/
ST ) (5 T(rtyy)- For w in W, £(uwgw ) = Cuwy) — Ew gw) = €wy) —
wGWJ/
Lwyr) + lw) = L wywy) + Lw) s0 T(Nww,w) = T(Nwyw, )T (nw). On the other
hand, ¢(w”) + l(wywy) = €(wy) — L(wy) + L(wy) — L(wy) = L(w”) so T(n,,) =
T (1y7)T (N yw . )- 1t follows that f— f3T™*(nw,s) = foT (n,)( >, T(nw)) = f by
weW 7/
V.7 Corollary applied to J'. Moreover, as ¢(wys) + £(s) = {(wy) we have T*(n,,,) =
T*(ny,s)T*(ns) and f = f;T*(nw,) = f7T"(nw,s)(T(ns) + 1), as seen in [V.9 above,
so f''= fiT*(ny,s)T(ns). O

IV.21. Let now A € ;A" and put N = ng- A. It is the element fE,,.s(ns\') that we
want to relate to f’. To get an expression for it, we again need to distinguish cases,
according to the integer r = —ay, o v(A) > 0 (recall that «, is the simple root in @,
corresponding to «). We first deal with the “easy” relations in H.

Lemma (i) N (ns - N) =ns- (AN) € 1AT.
(ii) If r > 0, £(ns\') = L(N) — 1 and T(ns)E,,.s(ns\') = T(n2)E,, (\).
(iit) If r > 2, then E,,(N)E,, (ns)\') =0.
(w) If r =1, then E,,.s(ns\') = E,, (ns\') and

Eoy(\)Eo;(nsX') = Eo, (X (ns - )T (ns).

Proof (i) The first equality is clear. Let us prove that X (ng - \') is in ;AT. We have
agov(N(ns-XN))=0. For § € A, 5 # a we compute

Baov(N(ns- X)) = Baov((ns-A)(n:-N)
= (Ba + 5(8a)) (v(N))-
It is < 0 since B4, 5(8,) > 0 and X is in 1AT. So we get (i).

(ii) Assume r > 0. We need to work in Hz, and then specialize to H. By (IV.13.2),
we get l(ns\) = £(N) — 1 because a o v(N') > 0. So the relation (IV.12.1) gives
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E,,.s(ns)Ey, (N) = qsE,,.s(nsX'). We also have E,,(ns)E,,.s(ns) = qsE,,(n?), which
gives

G5 oy (15)Eo,.s(nsN') = qsEo, (n3) Eo, (X').
Cancelling ¢s, using E,,(n?) = T(n?), and specializing to H we get (ii).

(iii) We proved £(ns\) = £(N) — 1 in (ii), so £(\) + £(ns\) = 24(N) — 1. On
the other hand Nng\' = N(ngs - N)ns and a4 o v(N(ns - X)) = 0 so £(Nns)\) =
(N (ng - X))+ 1 by (IV.13.3). But £(XN(ns- X)) =£L(N) + l(ns - N') —2r by (IV.13.1)
so we get £(N) + L(ng\') — 6(N'ngN) = 2r — 2. This is > 0 if » > 2, so in that case
E,,(N)E,,(ns\) = 0 by the relations (IV.12.1).

(iv) Assume now that r = 1. The first formula is given by loc. cit. Lemma
5.34. In the proof of (ii) we have seen that £(\') + £(ns\) = £(Nns\') so we get
Eo,(N)E,,(ns\) = E,,(Nns\'). On the other hand N'ng\ = N(ns - N)ng and we
have seen {(N'ng\) = L(N(ns - X)) + 1, so E,,(NnsX) = E,, (XN(ns - X))E,,(ns) =
E,,(N(ns - N)T'(ns). O

IV.22. In the sequel it is convenient to put ¢ = f;T7%(ny,s) so that f' = ¢T'(ns),
f=¢+ f. From [.14] Theorem, we get the following: for u € 1A,

T if 4 € 1AT and normalizes 1),
(Iv.22.1) wEo‘;(ns-u):{ o e v

0 1f,u§é 1A+.

Put E = E,,.s(ns\') with A’ = ng - A as in [V.2T] - note that X" also normalizes .

By (ii) of [V.21] Lemma, T'(ns)E = T( HE,,(N), so ¢T(ns)E = 1(n2)pE,,(\) by
(IV.22.1). But 7(n?)¢ = ¢ because n? Wthh belongs to Z N M/ o,k acts trivially on
¢ by V.7 Lemma. We deduce goT(ns)E 0E,,(N) =7(\)p, again by (IV.22.1).

We are now ready to prove a change of weight formula, in the special case where
A € 1AT normalizes 1 and o, o ¥(A\) = —1. Indeed by (IV.22.1) and (iv) of [NV.21]
Lemma we get T(A\)oE = ¢E,, (N)E = ¢E,,(N(ns - X))T(ns), hence 7(N\)pE =
T(AN)@T (ns), using again (IV.22.1). We deduce that oE = 7(X)pT'(ns), as 7(A) is
invertible in Hz(v)).

Consequently fE = pE+¢T(ng)E =17(N)e+7(N)eT(ng) = 7N (f = f)+7(N)f".
We have proved:

Proposition Let A € |AT normalize v, and assume oy o v(\) = —1. Then

TN f—fE=(t(\) —T(\)f".
Remark Note that 7(\)f belongs to ind% V because A € {AT, so we see that ind% V
contains (7(A\) — 7(N))(ind% V). Note also that 7(\)f’ belongs to ind% V'’ for the

same reason; but 7(X)f’ does not necessarily belong to ind% V' because \ is not in
+
1AT.

IV.23. We now seek a similar formula in the case where A € (AT normalizes 1),
r = —agov(N) > 2, still with X =ng-Xand E = E,,.s(ns)\'). By loc. cit., Proposition
5.48 we have, in Hy, an identity

r—1
(*) Eo.s(ns)') — =Y alk, X)g; ek, N) Eo, (n(k, X))
k=1

and by loc. cit. Proposition 5.49, in H only the terms for k = 1 and £ = r — 1 may be
non-zero, so we get, in H,

E = Eo,(nsX) + c1Eo, (11 X') + cr1Eo, (-1 X')
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where the last term disappears if 7 = 2. For the moment we need not know what c1,
¢r—1 are in C[Zg], nor what py and p,—1 are in 1A except that they do not depend
on A\ and (loc. cit., formula (90)) v(uy) = —kay, so v(ng! - ux) = kay. From that it
follows that (n;!-u1)\ is in 1A, but not (ng!- 1)\ if 7 > 2. Also by loc. cit. 5.49,
the g-terms in the identity (%) above give 1 in C for k = 1 or k = r — 1. Indeed we
have to show that ¢(X') — €(uZ}, N') = 2: remarking that v(u=} X) =v(\N) — Y, that
comes from the length formula in [V.13] As in [V.22] we have ¢T'(ns)E = 7(\)p. On
the other hand

ok = SDEOJ (ns)\l) + QDCIEOJ (,Ul)\l) + SDCT‘flEOJ (Mrfl)\/)

where the last term disappears if r = 2.

But 7(\)¢ = ¢E,,(X) by (IV.22.1), so T(A\)@E,, (ns\') = ¢E,, (N)E,, (ns\') which
is 0 by [V.2T]Lemma (iii), and hence ¢ E, , (ns\") = 0. For z € Z}, we have pE,, , (ns-z) =
0 = Y(z7 Yy so we get per1 By, (uiN) = v (nt - e1)pE,, (u1\'), with the obvious
notation for the conjugation action on C[Z], and the obvious extension of 1»~! from
Zy to C[Z]. Similarly, if » > 3, pe,_1E,, (1 N) = w1 (ngt - crm1)pEo, (pr—1 ),
which is 0 by (IV.22.1) because (n; ' 1)\ is not in 1AT. Thus for r > 2,

pE =y~ (n5 - 1) @B, ().
As oT'(ns)E = 7(\)¢ we obtain:
Proposition Let A € {AT normalize v, and assume —ag, o v(\) > 2. Then

FE=1(Ne+v7 (nt - c1)pEo, (1 X).

IV.24. We now apply the formulas given by [V.22] Proposition and [[V.23] Proposition
to the case where A\ € 1AT normalizes v, and deduce [V.I] Theorem (ii) and (iii). We

first assume a, o ¥(A\) = —1. As we have seen in [V.22] Remark, \" normalizes ¢ and
(r(\) — 7(\))(ind% V') € ind% V.
Proposition Let A € 1A normalize v, and assume agov(\) = —1. Then 1) is trivial

on Z°N M., and 7(N) = 7(\)7a.

Proof We work within M,. The semisimple Bruhat-Tits building of M, is a tree, the
apartment corresponding to S is the line in V,q generated by «; the group Z acts on
that line via its quotient A, and A € A acts via translation by v with ag ov(X) = a4 (v)
and as ag ov(A) = —1, A sends the (special) vertex xg to the adjacent (special) vertex
X] = Xo — %ag in the apartment. We shall later prove the following claim.
For the claim the situation is the following:

Assumption Assume that G has relative semisimple rank 1, and let x; be a vertex in
Vaa (a line) adjacent to xg, and Kj the corresponding (special) parahoric subgroup of
G. Let Gy be the group over k attached to the parahoric subgroup Kj. (Note that
both K = Ky and K; contain Z° and Gy, G i, contain Zj.)

Claim The subgroup of Zj, generated by Zy NG}, and Z, NG . is the image of Adaled

We apply the claim to M,. Since A sends x( to X1, it conjugates Ky to K7, and
conjugation by A induces an isomorphism of M, j onto M, 1 j, and of Mék onto M(;lk
As 1 is trivial on Zp N M (;k by hypothesis, and A stabilizes v, 9 is also trivial on
Zi N Mé,l,k and by the claim v is trivial on Z° N M!. By the second line after formula
(90) in loc. cit., from agov(\) = —1 we get v(A~IN) = a; but M = ng- A by definition,
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so AL = AIngAn; ! Take z € Z with image A in 1A and 7, in K N M. NN with
image ng in M, j (the existence follows from [IL7 Lemma, for instance). Since M}
is normal in M,, z ‘7.z is in M, so A_lns)\ngl is the image in 1A of an element of
Z N M. Tt follows that we can take A™')\ as the image in 1A of a,, of [IL.I6 Notation
(which verifies v(a,) = o, cf. [N.I1] Example 3), and then 7(\) = 7(\)7,. O

From the above proposition and [V.22] Proposition, we get case (iii) of [V.1] Theorem
when o, o v(\) = —1.

Corollary Let A\ € 1AT normalize ¥, and assume ag o v(\) = —1. Then 1 is trivial
on Z° N\ M/, and 7(\)(1 — 74) ind% V/ € ind% V.

We note that Aa, ¢ Z* so in particular 7(\)(1 — 7,) ¢ Z¢.
IV.25. We investigate the term ¥ ~1(n;! - c1)pE,, (u1\') in [V.23] Proposition.

Proposition Let A € 1AT normalize ¥, and assume —ag o v(A) > 2.
(i) The element ng' -y € 1A is in the image of Z N MY,
(ii) If 1 is ot trivial on Z° N M., then =1 (n;1-¢1) = 0.
(iii) If 1 is trivial on Z°N MY, then v~ (n;l-c1) = =1 and 7((ngt - pu1)N) = 7(\) 70

Note that from (i) and [ILI6 Proposition (i), n;! - g1 normalizes 1 if 1 is trivial
on Z%N M!,. In particular, in (iii) the element 7((n;! - u1)A) is defined. Using [V.23]
Proposition and (IV.22.1) we get

1B = TN (f = 1) if 9 is not trivial on Z°N M},
TN = 1) (f — f) if 4 is trivial on 20N M.

This formula immediately yields [V.1] Theorem (ii), (iii) when —ag, o v(\) > 2 (note
that this implies Aa, € 1A™):

Corollary Let A € 1A™ normalize v, and assume —ag o v(A\) > 2.
(i) If 1 is not trivial on Z° N M, then 7()\)ind$% V' C ind$ V.
(ii) If  is trivial on Z° N M/, then

TN (1 — 7o) ind% V' C ind% V.

To prove the proposition we need to know precisely what ¢; and py are. We have to
distinguish cases: a0 v(A) = 0Z for 6 =1 or 2 (cf. loc. cit. Remark 5.3). The generic
case is § = 1, which we tackle first. In that case choose A\s € A with a4 0 v(As) = 1;
then uy = (ns-As)A\; ! and ¢; = (ng- As) - cn,. Recall that ¢,, = ‘Zle‘ > zin C[Zg].

s zeZhs
In particular, Y~ 1(n;! - ¢) = ‘Z;ls‘ GEZ: Y~ (s - 2). So we see that ¥ ~1(n ! cp)
z k,s
is non-zero if and only if v is trivial on )\ths)\s_l, in which case it is equal to —1.
Reasoning as in [V.24] with )\, instead of A we see that »~(n;!-c;) # 0 if and only
if 9 is trivial on Z° N M/ and the other assertions of the proposition are obtained as

in [V.24] as well (when ¢ = 1), noting that 7, is in the centre of Hz(z)).

IV.26. We continue the proof of Proposition. Now assume that § = 2. One
situation where this may happen is when G has relative semisimple rank 1, or more
generally when the connected component of the relative Dynkin diagram of G contain-
ing o has rank 1. In that case, let § be the reflection in the affine Weyl group of M,
corresponding to the affine root o, + 1; it corresponds to a vertex x; in the semisimple
Bruhat-Tits building of M,, (a tree) adjacent to the vertex x¢. As in[[V.24] we let K
be the parahoric subgroup of M, corresponding to the vertex x; (which is special), and
K1(1) its pro-p radical. Then Z N K; = Z%, ZN K;(1) = Z(1). The image of N'N K,
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in K1/K(1) = My,1 is the group Nj j of k-points of the normalizer of Zj, in My, 1
and we can choose in N}, a lift nz of § which actually belongs to Mz;,l,k — note that
§ generates (N N K1)/Z° which we identify, via reduction with A7 j/Z;. Then, inside
1\W = N/Z(1), we can take (loc. cit. Notation 5.37) Ay = ngng, u1 = A\; L, c1 = czn?,
where c; = ﬁ XZ: z, with Z, s = Z, N Mé,l,‘ We see that ¢~ 1(ng!-c1) # 0
U 2€2 5

if and only if ¢ is trivial on Zj 5. As ¢ is already trivial on Zj 5, we get by
Claim that ¥~ 1(n;1 - ¢;) # 0 if and only if ¢ is trivial on Z° N M/, in which case
Y~ 1(n;1-c1) = —1. On the other hand, ng !y is in the image of Z N M, (by lifting
ns and ng to N'N M/, as in [N.24). Moreover, by construction v(u1) = —«, and as
in [V.24 we deduce that we can take the image of a, in 1A to be n;!- u; and that
(gt p1)A) = 7(\)7q if 9 is trivial on Z° N MY,

IV.27. The only other case when § = 2 may happen is when the connected com-
ponent of the Dynkin diagram of &, containing « has type C,,, n > 2, and « is a
long root (loc. cit. Proposition 5.14). Let then &, be the highest root in ®; lying
in the same component as «, and § be the reflection associated with &, + 1. Then
(loc. cit. Lemma 5.15 and Notation 5.37) pu_, = swdw ™' for some w € W such that
U(p1—a,) = 20(w) + 2 and wsw ! is the reflection s' associated with the affine root
aq+ 1 (whereas s is associated with ). Moreover p_,, = ss’ satisfies v(u_q,) = .
In that case (loc. cit.) ¢; = (w - cz)n? and Ay = ng(w - ng), pu1 = A\;* with ng, cs
defined similarly as before (loc. cit., §4); but conjugating by w yields w - ¢z = ¢y and
w - ng = ng where now cy,ny have a similar meaning, but in the relative semisimple
rank 1 group M,. The same reasoning as in [[V.26] then gives the desired result.

IV.28. To finish the proof of Proposition we need only prove Claim. It
is convenient to deal first with the case where G = G!5. Then W = W¢ is generated
by the involutions sq (generating A'°/Z%) and s; (generating (M N K7)/Z°). As sgs1
acts as a non-trivial translation on the apartment, sgs; has infinite order.

Identify N°/Z(1) with A} and similarly (M N K;)/Z(1) with the group Ny of k-
points of the normalizer of Zj in Gy . Choose a lifting ng of sp in Ny NG, C W
and a lifting ny of s in N N G’Lk C 1W. An element w of W has a unique reduced
expression w = o7 - -+ o, with 0; = sg or s1 and we put n,, = x1---xp with x; = ng if
o; = 80, x; = nq if 0; = s1. We let X be the subgroup of Zj, generated by Z;, N G}, and
Zk NG, and put Y = {nyz |w € Wz € X}.

Lemma 1 X and Y are normal subgroups of {W'.

Proof Let x € Z; then nalxnox_l belongs to Z; but Zj normalizes G}, so nalxnox_l

belongs to Zj, N Gj.. Similarly nflxnlafl belongs to Zj N G/Lk' In particular, ng and
n1 normalize X. Since Zj, also normalizes X, so W itself normalizes X. As n% and
n% belong to X, we deduce that for w, w' € W nyny € Ny X and n;l € ny-1X, SO
Y is indeed a normal subgroup of {W. [J

Now let H = IY'] with the usual abuse of notation.
Lemma 2 H is a normal subgroup of G and (HN Z°)/Z(1) = X

Proof We first prove that H is a subgroup of G. By Lemma 1, H is closed under
inverses. Working in Hy, it is enough to show that for y, ¥ in Y, the product T'(y)T(y')
in Hy is a linear combination of T'(y”) for y” in Y. But that is given by the relations

151y principle those elements are defined in loc. cit. with respect to G, not M, but the above
choices in M, also work in G. The same remark applies in [[V.27]
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in Hz: the braid relations and the two quadratic relations T'(n;)? = ¢;T'(n?) + ¢;T(n;)
where ¢; € Z and ¢; € Z[Z, N G} ] for i =0, 1.

As Z° normalizes I, and Zj, normalizes Y, Z° normalizes H. The normalizer of H
contains ng, ny (which belong to H), Z° and I, so it is G itself. If an element = of H
in a class Iyl, y € Y, is in Z° then y has to belong to Z; so by the very definition
of Y, y belongs to X and x itself has image 3 in Z°/Z(1) = Z,. That gives the last
assertion of the lemma. [J

Clearly H is not central in G, so H = G because the only non-central normal
subgroup of G is G itself (L3 Proposition). But then H N Z° = G N Z° = Z° so
X = 7, which gives the claim for G = G,

Let us now prove [V.24] Claim in the general case. We show first that the claim is
equivalent to

(%) Z(1)(Z2°NG") = Z(1){(Z2°n(U° UL, Z2° N (U N Ky, Usp N K1)).

It suffices to show that the image of Z°N (U°, ng> in Zj, equals Z, NG, (and similarly
for the other term). It is clear that an arbitrary element of Z, N G/, lifts to an element
of (UY, ng> NZYK(1). Using the Iwahori decomposition of K (1) ([(ILT) we can modify
the lift so that it is contained in Z° N (UY,UY,).

The only non-trivial part of the equality (x) is the inclusion C. The inclusion is true
for G*, and we deduce it for G by applying the natural homomorphism ¢ : G — G,
using that (2'%)° = ~1(Z°) (LI Proposition) and that Z(1) is the pro-p Sylow of
Z9. This completes the proof of [V.24] Claim and hence of [V.1] Theorem. O]

V. UNIVERSAL MODULES

V.1. In this chapter our goal is, for an irreducible representation V' of K, to study
the “universal” representation ind% V as a module over the centre Z5 (V) of the Hecke
algebra Hea (V). In fact that structure is difficult to elucidate, so we consider various al-
gebra homomorphisms x : Z¢(V) — A and the corresponding A-module A ®, indf( V.
As an application, for a character y : Z¢(V) — C, we prove Theorem 6 of the in-
troduction — used in Chapter [II] at the end of our classification — which gives a nice
filtration of C' ®, ind% V" as a representation of G. In this chapter we fix an irreducible
representation V' of K and let (¢, A(V')) be its parameter.

A) Freeness of the supersingular quotient of ind% V

V.2. Until V.11] we fix a parabolic subgroup P = MN of G containing B. Recall
from [ILI2] the subgroup ZXM of Z consisting of those z € Z with |§|(z) = 1 for all
B € Ap. We write ZtM for the set of z € Z with |3|(z) < 1 for B € Ay Recall
from [IL.4] that Z7(Vi0) is spanned by the 7, for z € Z,;,, and that the natural image
of Zp(Viyo) in Zz (Vo) (via 8F) is spanned by the 7, for z € ZtM N Z, — we identify
Zyr (Vo) with that image.

Notation We let Rj; be the quotient of Zy;(Vyo) by the ideal of elements supported
on (ZtMnNZy) - 2%, .

As Zp (Vo) is viewed as a subset of Zz(Vy0), we emphasize that the supports
above are subsets of Z. Note that the elements of Zj; (Vo) supported on Z iM form
a subalgebra which maps isomorphically onto Rjy.

Our first main result in this chapter is:
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Theorem Let P = MN be a parabolic subgroup of G containing B. Then Ry ®
ind% V' is free over Ry, where the tensor product is via the composite map Z (V) —
Z M(VNO) — RM.

The proof of that theorem is rather long (V.3to[V.11]). We first treat the case where
P = G (L3 Proposition). The proof then proceeds by comparing with situations with
a more regular weight (i.e. smaller A(V)). Using the change of weight results of

Chapter [Vl we reduce the proof in general to a special case where, in particular, A,
is orthogonal to A — Ay (V7). Finally we use a filtration argument (V.8 to V.17)).

V.3. Proposition Rg ® indg;( V is free over Rg.

The proof in [V 4] requires several lemmas. We use again the Kottwitz invariant map
wg and the map vg ([ILIG).
Lemma 1 Let z, z1, 29 in Z. If 22129 € K21 K29K, then wg(z) = 0.

Proof The Kottwitz invariant wg is a homomorphism of G into a commutative group;
the result follows from wg(K) =0. O

Lemma 2 Let z; € Z+ normalizing v, and f € Hg(V) with support in Kz K. Then
SS(f) € Hz(Vyyo) has support in (Z N Ker wg)z .

Proof That is immediate from (II.3.2), once we note that wg is trivial on U. O

Lemma 3 Let 2y € ZT normalizing ¥, and 2o € Z. If f € ind%V has support in
Kz K, then 1., % f has support in K(Z N Kerwg)z 20K .

Proof By definition 7,,, as an element of H 7 (V{0), has support Z%%;. From Lemma 2,
T, as an element of H¢(V), has support in K (ZNKerwg)z1 K. The result then follows
from the convolution formula in Hg (V') and Lemma 1. [J

Lemma 4 Zi- NKerwg = 2°.

Proof Let z € Kerwg. Then vg(z) = 0. If moreover z € Zi, then vz(z) = 0 for the
analogous map vy, cf. [HVI] 6.3 Remark 1J; from loc. cit. 6.2 Lemma, (ii) and (iii), it
follows that z € Z°. Conversely Z° ¢ Z i N Ker wg is clear. [J

V.4. We prove Proposition. We decompose ind% V as @I(z), z € Z/(Z N
Kerwg), where I(x) consists of the functions in ind% V with support in Kz(Z N
Kerwg)K. For z in Z1 normalizing v, we have 7, * I(z) C I(zx) by V.3 Lemma 3,
with equality if z € Zx since then 7, has inverse 7,-1. For z € Z/(Z N Kerwg), let
I™(x) be the sum of the subspaces 7, * I(y) of I(z), where z € ZT N Zy,, z ¢ Z3,
y € Z/(ZNKerwg) and zy = = in Z/(Z NKerwg). By definition Rg ® ind% V is
the quotient of indf( V obtained by killing all the subspaces I (x); thus it appears as
Drez/(znKerwe) (@) /I (2)). Let z € ZX N Zy; then 7, % I(x) = I(zx), 7, x IT(z) =
It (zz) for x € Z/(Z NKerwg), hence the corresponding element in R, still written
7., sends I(z)/I7 (z) isomorphically onto I(zz)/I7 (zx). As Zx NKerwg = Z° by .3
Lemma 4, the image of Zx NZ, in Z/(ZNKer w¢) acts by multiplication without fixed
points on Z/(Z NKer wg); choosing a set of representatives 2 for the orbits, we deduce
that Rg ® ind% V is isomorphic to the free Rg-module Rg @c (@ I(x)/I*(z)). O
e

For further use, we state a result proved in a similar manner.
Lemma Let z € ZT N Zy.

(i) If va(2) # 0, T, — 1 acts injectively on ind% V; if moreover z € Zx then 7, — 1
is mot a divisor of 0 in Rg.
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(ii) Let T € Za(V); if va(z) is linearly independent from ve(Supp(T)), then (1, —
DindZVNTindGV = (r, - DT ind% V.

Remark The condition vg(z) = 0 is equivalent to vz(z) ERAY C X, (S) @ R.

Proof (i) Let f € ind$ V, and write as above f = Y. fo, = € Z/(Z N Kerwg),
fo € I(x). Then for z € ZT N Zy, 7% f = >, 7o * fp with 7, % f, € I(zz). The
equality 7, % f = f amounts to 7, * f, = f., for all z € Z/(Z NKerwg). If vg(z) # 0
then the image of z in Z/(Z N Kerwg) has infinite order; since f, = 0 for all but a
finite number of z’s, 7, x f = f implies f = 0, and 7, — 1 acts injectively on ind% V;in
particular, as Z5(V) acts faithfully on ind% V, 7, — 1 is not a divisor of 0 in Zg(V).
If moreover z € Zx then 7, — 1 is not a divisor of 0 in the subalgebra of Z¢ (V') which
maps isomorphically onto Rg.

(ii) Let I' be the subgroup of Z generated by the elements £ with vg(€) in v (Supp T).
For y € Z/T, let J(y) be the space of functions in ind% V with support in KyI'K;
then TJ(y) C J(y) and for z € Z* N Zy, 7. % J(y) C J(zy). Let f, f in indZV
with (7, — 1)f = f. We have indQ V = @, z/rJ (y) and decomposing accordingly
f=>fyand f' =3 f, weget 7, % f, = f. + [, fory € Z/T. Let f' € Tind% V;
then fz,; € Tind% V for all y € Z/T" so if f, belongs to Tind% V, then so do 7, * f, and
f2y- The hypothesis on z in (ii) implies that its image in Z/I" has infinite order, so
J2-ry 18 0 for large r. So we get, using descending induction on 7, that f, does indeed

belong to T'ind% V. O

V.5. We now turn to the general case of Theorem. For each parabolic subgroup
Py, = M N; of G containing P, we let Vp, be the irreducible representation of K with
parameter (¢, Ap, N A(V)) — for P, = G we have Vi = V; we choose a basis vector
for (Vp,)yo.

For such a P; consider the sequence of canonical (injective) intertwiners:

(V.5.1) indf Vp, —Ind, indyh (V) yo — Ind ind}o (Vp, ) yo = Indf indZo (Ve )yro-
1

As (Vp,) NO has the same parameter as Vo, there is a unique isomorphism between
them that is compatible with the choice of basis vectors in (Vp,)yo and Vio; it in-
duces an isomorphism of (Vp,)yo onto Vyo. Using those isomorphisms we identify the
sequence (V.5.1) with

(V.5.2) ind% Vp, — Ind§, ind%? Viyo — Indf ind}7o Viyo — Ind ind%, 1.
The sequence (V.5.1) is equivariant for the sequence of Hecke algebras
(V.5.3) Ha(Ve) = Han (Ve o) = Har (Ve ) vo) = Hz (Ve )po)

given by the (injective) Satake homomorphisms. The choice of basis vectors gives an
isomorphism Hz((Vp, )po) ~ Hz(v)), actually independent of that choice, and inside
Hz() the Hecke algebras in (V.5.3) do not depend on P;; accordingly we write H,
Har, Hary Hz, and similarly for the centres. The sequence (V.5.2) is then equivariant
for the sequence of algebras Hg — Har, — Hyr — Hyz.

As in Chapter [V]we identify the spaces in (V.5.2) with their images in Indg indgo (I
and similarly Hqg, Har,, Har with their images in H .

Notation For P, as above containing P, we let mp, be the Z3/[G]-submodule Z); ® z,,
ind% Vp, of Indg ind}%, Viyo (which is then 7p).
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Remark By [ILT4] Theorem, 7p, is also Zy ®@z,,, Indg1 ind%}) Viyo, which we also see
1

as Ind% (Zy ® Zu, ind]\]\/ﬁ) Viyo), cf. [HV2] Corollary 1.3.

For further use, let us recall the considerations around loc. cit. Let X be a locally
profinite space with a countable basis. Then the functor X — C°(X, A) is exact on
Z-modules A, CX°(X,Z) is free and C°(X,Z) ® A — C°(X, A) is an isomorphism;
if A is a free module over some ring R, then so is C°(X, A) and if R — R’ is a ring
homomorphism, then R ®p C(X,A) — C°(X,R' ®r A) is an isomorphism of R'-
modules. If Y is an open subset of X, we have an exact sequence 0 — CX(Y,Z) —
C*(X,Z) —» C*(X —Y,Z) — 0 of free Z-modules. We are particularly interested in
the case X = J\ H where H is a locally profinite second countable group, and J a closed
subgroup of H. If A is a smooth R[J]-module for some ring R, choosing a continuous
section of H — J\H gives an isomorphism of R-modules C°(J\H, A) ~ indl A, so we
deduce that ind” is an exact functor on smooth R[J]-modules, that ind’/ A is free over
Rif Ais, and that R'®@pind¥] A — ind (R'@r A) is an isomorphism of R'[H]-modules
for any ring homomorphism R — R’.

V.6. We gather consequences of the change of weight results of Chapter [Vl
Proposition Let Py, P, be parabolic subgroups of G containing P, with Ap, = Ap, LI

{a}.

(i) mp, C mp, with equality if o ¢ A(V) or if 1 is not trivial on Z° N MY,.

(ii) If « € A(V) and v is trivial on Z° N M, then (1, — 1)7p, C mp, (with T4 as
in [IL16 Notation). If moreover « is not orthogonal to Ay, the inclusion wp, C wp,
induces an isomorphism Ry ®z,, Tp, = Ry Rz TP, -

Proof First remark that if o ¢ A(V) then Vp, and Vp, are isomorphic, so np, = mp, is
immediate. Assume o € A(V'). We apply [V.I] Theorem to Vp, (in lieu of V') and Vp,
(in lieu of V’). Choose z € Z, with |a|(z) < 1 and [B|(z) = 0 for f € A, 5 # «; thus
T, is an invertible element of Zj;. By loc. cit. (i), we have the inclusion 7, indf( Vp, C
ind% Vp, of subspaces of Ind$ (indgo ). As 7, is invertible in Z,s, we get mp, C 7p,.
If 4 is not trivial on Z° N M/ then loc. cit. (i) gives 7.ind% Vp, C ind$ Vp, hence
mp, = mp,. If ¢ is trivial on Z°N M/, loc. cit. (ii) gives 7. (1 — 74) ind% Vp, C ind% Vp,
80 (7o — 1)wp, C mp,. Now 7 = 74, for a, € Zy with v(as) = ra with some positive
rational number r ([ILI6 Proposition (i), [V.12] Example). If « is not orthogonal to
Aps, we have |5](aq) < 1 for some 5 € Ayr; but 74 is sent to 0 in Rys. This implies
the last assertion. U

V.7. We deduce a reduction for the proof of [V.2] Theorem. Let A; = Ay U {a €
A(V), alAy, ¥(Z°N M!) =1} and let P, = M;N; be the corresponding parabolic
subgroup of G. By [\.6] Proposition, the inclusion 7 C 7mp, induces an isomorphism
Ry ® g ~ Ry @ mp,. But Ry ® mp, is the same as Ind%, (Ry ® ind%? Vo) OL3
Remark); if the Rj/-module inside the induction is free, then so is Ry @ wp, (loc. cit.).
As a consequence, it is enough to prove when A1 = A.

Assumption (until ZII): A = Ay UA(V), (A — Ap) LAy and (20N ML) =1
for o € A — Ay
Notation We put ¢ = ind}f, Viyo, so mp = Ind§ 0. We also put W (M) = {w € Wy,
w_l(AM) C (I)+}.

By Proposition, we know that Rj; ® o is free over Ry, and so is Ry @ mp (V.3
Remark). We want to deduce the same for Ry ® mg. For that we filter mp according
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to the double cosets PwB for w € W(M) (recall that G is the disjoint union of the
double cosets PwB, w € W(M)).

We consider upper sets in W (M), i.e. subsets A such that v € A, v' € W(M) and
v' > v (in the Bruhat order) imply " € A. For an upper set A, PAB = |J, 4 PvB is
open in G' and we let mp 4 be the subspace of functions in 7p = Indg o with support
in PAB; it is a Zs-submodule of 7wp.

Let A be non-empty upper set in W (M) and choose a minimal element w in A. Put
A = A — {w}; then A’ is an upper set in W (M) and we have the submodule 7p 4/ of

7TP7A. B B
Let A, A’ be the (open) images of PAB, PA’B in P\G. We have an exact sequence
of free Z-modules

0— CX(A,Z) — CX(A,Z) — C°(A— A", Z) — 0. (Z5 Remark)
Choosing a continuous section of G — P\G, and noting that A— A’ is the image of PwB
in P\G, we get from loc. cit. that evaluating functions on PwB gives an isomorphism
of mp a/mp ar with the Zj/-module of locally constant functions f : PwB — o with
f(pg) = pf(g) forp € P, g € PwB, and with compact support in P\ PwB; equivalently
evaluating on wU gives an isomorphism with the compactly induced representation
E 104
1ndw_leﬁU Yo.

Lemma The inclusion mp s — mp induces an isomorphism of Ry @ wpa onto the
subspace of Ry @ mp = Indg(RM ® o) consisting of functions with support in PAB.
The sequence

0— RM®7TP7A’ — RM®7TP,A — Ry ® (7TP,A/7TP7A’) — 0
is exact, and all three terms are free over Rj;.

Proof Choosing a continuous section of G — P\G, mp 4 appears as C*(A,7)® o,
Ry @ mpa as CF(A,Z) @ (Ry ® o), so the result follows from V.5 Remark via the
exact sequence 0 - CX° (A", Z) — CX(A,Z) — C*(A—- A Z) — 0. O

V.8. Let A, w, A’ be as in V.7, and let Q be a parabolic subgroup of G containing
P. Then mg C wp and we let 7o 4 = mp 4 N7Q, similarly for A’, so we get an inclusion
of Zp-modules

TQ.A/TQA = TP/ TP A
Notation Set ¢, = Haecagw-1(a)<0(Ta — 1) € 2.

Remarks 1) For a € A, w™!(a) < 0 is equivalent to s,w < w and it implies a & Ay
since w € W(M). In particular for such an « we have vys(aq) # 0 by V.4 Remark.

2) By V.4l Lemma (i) (applied to M) cg..» acts injectively on o hence on mp 4 /7p ar;
moreover, cq,,, does not divide 0 in Rj;.

Proposition 7 a/7g a4 = cQuw(mp.a/mp.ar) inside mp a/mp ar.
Before we give the proof, we derive consequences, in particular [.2] Theorem.

Corollary 1 Ry®(mg.a/mq,a7) = Ryu®@(mp.a/mp ar) is injective, and Ry@(mg a/mQ, A1)
is free over Ryy.

Proof By the proposition, multiplication by cg ., induces maps
TPA/TPAT = TQ.A/TQ.A1 = TPA/TP A
Tensoring with Ry; over Zjs gives

Ry @ (mpa/mpar) = Ru @ (mQ.a/mg.a1) — Ry @ (mpa/7p,ar)
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whose composite is multiplication by ¢g ,,. By the above remark 2) ¢¢ ., does not divide
0in Rjz; since Ry ®@(mp.a/mp ar) is free over Ry by .7 Lemma, multiplication by ¢g
is injective on it so we get an isomorphism Ry @ (7mpa/mpa) ~ Ry ® (7Q,.a/7Q, A1),
thus proving Corollary 1. [J

Corollary 2 Ry ® mg a4 — Ry ® mp.a is injective (in particular, for A = W (M),
Ry @ mg — Ry @ mp is ingective).

Proof By induction on #A, Ry ® mg 4 — Ry ® wp a is injective. By Lemma,
Ry @ mpar — Ry @ mpoa is injective and by Corollary 1, Ry ® (mg .a/mg ar) —
Ry @ (mpa/mp,ar) is injective too. The result follows from the snake lemma applied
to the commutative diagram (with exact rows)

Ry @mga — Ruy®mga — RM®(7TQ7A/7TQ,A/) — 0
{ { {

0 — RM®7TP7A/ — RM®7TP7A — RM®(7TP7A/7TP7A/) — 0 0O

Corollary 3 Ry ® mg a4 — Ry @ g4 and Ry @ mg.a — Ry ® mg are injective,
and (Ry @ mQ,a)/(Ry @ mg ar) = Ry @ (mQ,a/TQ, A1) is an isomorphism.

Proof In the left hand square of the previous diagram, the two vertical maps and the
bottom horizontal one are injective, hence so is the top horizontal one, giving the first
assertion, which immediately implies the last one. The second one follows from the
first by descending induction on #A. [

Now [V.2] Theorem follows from the corollaries. Indeed, by Corollary 1 and Corollary
3, Ry ® mg is a successive extension of free modules. Therefore Ry ® g is free.

V.9. The proof of .§ Proposition will involve an induction argument on dim G. For
this, a further corollary is necessary.

Corollary 4 Let z € ZtM N Z,, and assume vp(z) # 0. Then mg N (1, — V)7p =
(1, — )mg.

The proof is given after a lemma. Let A, w, A’ be as in .7l and use the notation
mpa, 1Q,.a of V.1, V.8

Lemma (7, — 1)mpa = (1, — L)mp N 7pA.

Proof By descending induction on #A, the case A = W(M) being trivial. By .4
Lemma (i), 7. — 1 acts injectively on o, hence also on 7p a/mp 4 which is a direct
sum of copies of ¢ (.4l Remark). By the snake lemma 7p 4/ /(7. — 1)7p 4 injects into
mpa/(T:—1)mpaie. (T, —1)mtpanNnpa = (7. —1)mp 4. The assertion (7, —1)mp4 =
(12 — 1)mp N7mp 4 then implies the similar assertion for A’. [

Proof of Corollary 4 Applying V.4 Lemma (ii) to T' = ¢q € Zy whose support is
in Ker vy we get

(12 —1)o Neguwo = (12 — 1)eguwo,

hence

(12 = D)(mpa/mpa) Negu(mpa/mpar) = (7. — 1)eQu(mpa/Tp.ar).

But by V.8 Proposition c¢g.(mpa/mpar) = TQ,a/7Q, a7, SO we obtain (7, — 1)mp.a N
7Q,A C (7, — 1)mg 4 + mp 4. By the lemma we get (7, — 1)mp N7 a C [(T. — )1 N
wpal +7par. As (7. —1)Tp N7 contains (7, — 1)1, both give the same contribution
to mp.a/mp ar. Their equality now follows by induction on #A. [
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V.10. We now proceed to the proof of [V.8 Proposition, keeping its notation. We
first deal with the (easier) statement that 7 a/mg 4 contains cq u(mp.a/Tp ar).

Notation Let A, = {a € A, w™(a) > 0} and let P, = M,,N,, be the corresponding
parabolic subgroup of Gj it contains P, and w is in W (M,,).

Lemma Let A, w, A’ be as in N7l Then Tp,,A — TpA/Tp A is surjective.

Assume that lemma for a moment. Since mgnp, 4 contains 7p, 4, the map mgnp, 4 —
mp.A/TpA is surjective as well. But by [.6] Proposition mQ contains cQ . TQnP, s SO
the image of mg 4 in mp a/7p 4 contains cg ., (7Tp,a/mp.ar), i.e. the quotient 7g a/mg ar
contains cq,u(mp.Aa/mp.ar)-

Proof Let A>,, = {v € W(M),v > w} and A5y, = {v € W(M),v > w}. We
use the abbreviations 7p>, = Tpa.,, TP>w = TPA.,- Lhen mps D mp>, and
Tp.A’ D TP >qy; INOreover 7TP7A/m7TP7Zw7: TP, >ws SO TP >/ TP >y injects into mp 4 /mp ar.
But evaluation on PwB identifies both quotients with the same space of functions, so
the injection is an isomorphism. Hence it is enough to prove the lemma for A = A>,,.

Sublemma (i) w'PwNU =w UwnNU =w1P,wnU.
(ZZ) PAsz = I_Ivew(Mw)wszva.

Proof (i) The first equality comes from w € W (M), the second one from w € W (M,,).

(ii) By [Abel Lemma 4.20], w € W (M) implies Wi As, = {v € Wy, v > w} and
similarly w € W(M,,) implies Wy, {v € W(M,),v > w} = {v € Wp,v > w}. The
result follows on taking B-double cosets. [

To prove the lemma (for A = A>,,) we need to consider closely the inclusion 7p, —
mp. Both are parabolically induced from P,,, and the inclusion comes from the injective
map @ : Zy Rz, ind%ﬁ Vg — IndyﬁMw o obtained from the canonical intertwiner
(IIL.13.1), so 7p, is simply the subspace Ind% (Im®) of 7p = Indgw (IndyﬁMw o).
Seeing mp as induced from P, we let Wﬁgzw be the subspace of functions with support
in Upew (My),050 PwvB, and similarly Tpsy An element f of mp = Ind% o is seen
as the function f’ in Ind]G;w (IndyﬁMw o) given by f'(g) : m — f(mg) for g € G,
m € M,. Hence by (ii) of the sublemma 7p>y = Tp,, and 7p>y D Tp,,. By (i)
of the sublemma (and [\.5 Remark), choosing a continuous section of U — w™Uw N
U\U gives a Zy-linear isomorphism ¢ of -, /7 -, with C*(w™'Uw N U\U,Z) ®
IndyﬁMw o, a similar isomorphism of 7p >y /Tp sy with CX(w™Uw NU\U,Z) ® o,
and the quotient map 77}372“) /7T};.7>w — TP >w/Tp>y corresponds to evaluation at 1 :
IndgﬁMwa — 0. But (7p, N7ps,,)/ (TP, N Tps,,) is sent by ¢ to CR(w 0w N
U\U,Z) ® Im ® so to get the surjectivity of wp, N 7733,211; — Tp>w/Tp>y it suffices to
see that evaluation at 1 : Im® — o is surjective. But for z € Vo the function in
ind%ﬁ Vo with support MY and value z at 1, is sent in IndgﬁMw o to a function with
value at 1 the function in o with support M° and value at 1 the projection of z in

Vio; as those last functions, for varying x, generate o as a representation of M, and
Im ® — ¢ is M-equivariant, it is surjective. [

V.11. We turn to the inclusion 7 a/7Q .4 C cQuw(mpa/mp.ar) in V.8 Proposition.
We need auxiliary lemmas, where o € A — Ay is fixed; we let P* = M*N® be the
parabolic subgroup corresponding to Aj; U {a} and we put ¢ = o/(1o — 1)o. Note
that Hypothesis (H) of [TLI5 holds with the map ¢ : Vo — o — . We also note that

PTa = Tap = $.
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Lemma 1 ¢ extends to P, trivially on N.

Proof By [[I7 it suffices to prove that & is trivial on Z N M. Since « is orthogonal
to Aps and 1 is trivial on Z° N M/, by assumption, that comes from the fact that 7,

acts trivially on ¢ (IILI7). O

We write ¢ for the extension of & to P*. Inside of mp/(7q —1)7p ~ Ind% & we have
the subspace Ind%. €5, cf. [IL22 Lemma 2.

Lemma 2 The image of mpa — wp — wp/(7o — 1)7p is contained in Indga €o.

Proof Since mpa — Ind% & is Zy;[G]-equivariant and mpa is generated as a Zy[G]-
module by Vpa it is enough to prove that the inclusion of Hom K(Vpa,Indga €g) into
Hom K(Vpa,Indg ) is an isomorphism. By Frobenius reciprocity, this means that

HOHlMaO((VPa)chO, e&) — HomMaO((Vpa)Nao,Indy:Ma 6’)

is an isomorphism. The quotient of Ind}¥", o @ by ¢ is the representation G ® StM,
and it is enough to show that (Vpa)yeo is not a weight of that representation. But the
parameter for (Vpa)yao is (¢, (Ap U {a}) N A(V)) and o € A(V) whereas by [ILIS
the weights of °G ® St4. ;e = [(P N M®,&, P N M®) have parameters (¢, ) where
ad¢l. O

Lemma 3 Let P, = M N1 and P, = MyNs be parabolic subgroups of G containing P,

and assume Ap, = Ap LI{a}. Let A, w, A" be as in[N.1, and assume that w=!(8) < 0
for all B € Ap, — Apr. Then

TP, A C (Ta — 1)7TP1,A +7TP7A’-

Proof Let f € 7p, 4 and let f be its image in Indg o. As mp, C 7mpa, we get
f e Indga ¢G by Lemma 2. If f does not vanish on PwB, its support, being P
invariant, contains Ps,wB. But w™!(a) < 0 means s,w < w and w being minimal
in A, that contradicts f € mp 4. Hence f vanishes on PwB and there exist f; € mp,
f2 € mpar with f = (7o — 1) fi + f2. The point is to prove that we can take fi in 7p, 4.
View mp, as Ind%, oy with o1 = 2y @z, ind% Vyo and 7p as IndB, Indpt,, o, the

inclusion mp, — 7p being induced by the natural intertwiner ind%}) VN? — Ind%ﬁ My O
1

Sublemma For v € A’ we have PywB N PvB = ().

Proof Indeed if PiwBN PvB # () there exists v' in Wy, with v'w = v. Since A — Ay,
is orthogonal to Ay, Wy, is the direct product of W), and the subgroup W; generated
by the sz for § € Ap, — Ajpr. For such a 8 we have sgw < w and it follows (using
[Deq] as in Lemma 2), by induction on length, that vyw < w for any v; € Wj.
Writing v’ as v2_1v1 with v1 € Wp and vo € Wy we get viw = vov. But vov > v and
viw < w so v < w contrary to the assumption v € A’. O

Let us pursue the proof of Lemma 3.
Since f2 € mp 4/, it follows from the sublemma that, seen as an element of Indg o, it

vanishes on PywB; but then, seen as an element of IndIGg1 Ind%ﬁ M, O 1t also vanishes on

PiwB. So for any © € PiwB, f(z) = (1 —1) fi(2z) in Ind]}‘fﬁj\/j1 o. Now dim P < dim G
so[V.8 Proposition and all its corollaries are true for My. As vy, (aq) # 0 we conclude
from Corollary 4 that there exists y € o1 with (7, — 1) fi(z) = (7o — 1)y. But
To — 1 does not kill any element of Ind%ﬁMl o, by V.4 Lemma (i), so f1(z) = y belongs

to o1. We can choose f] in Ind]Gg1 o1 N7p,, 4 with the same restriction as f; on PiwB
(use .5 Remark). Put f5 = f — (1o — 1)f] = (ta — 1)(f1 — f{) + fo. Then f; — f]
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vanishes on PywB, fy vanishes on PwB so fy belongs to mp 4 and f = (1, — 1) f{ + f5
belongs to (7o — 1)7p, a4 +7pa. O

We now finish the proof of Proposition. Let R be the parabolic subgroup
between P and Q with Ag — Ay = {a € Ag,w'(a) < 0}. Applying Lemma 3
successively we get mp 4 C CrwTPA + Tp.as, hence the result since mg 4 C mr 4 and
CR7w = CQ7w. O

We can get more out of that:

Lemma 4 Let A, w, A" be as in[N.7 Then 79 4 C ¢QuwTp,,a + TQ A’

Proof V.10 Lemma gives mp 4 C 7p, a4+ 7p as so from [V.8 Proposition we get mg 4 C
CQuwTP,,A+ Tpa. But mp, C mgnp, and cgumonp, C TQ by Proposition so
€QuwTP,,A C mQ,A and the result follows. [J

B) Filtration theorem for y ® ind% V

V.12. We now turn to the filtration theorem (L@]). For that, as before, an irreducible
representation V' of K is fixed, with parameter (¢, A(V')), but we also fix a character
x of Zg = Z5(V). We let P = M N be the parabolic subgroup with Ap = Ag(x),
so P is the smallest parabolic subgroup of G' containing B such that x extends to a
character — still written x — of Zy = Zp/(Vyo), and that character further factors
through Zy; — Ryy.

Notation For a Zjp;-module W, we put WX = x ®z,, W.

Recall that for each parabolic subgroup @ of G' containing P, Vy denotes the irre-
ducible representation of K of parameter (¢, Ag N A(V)); we make the same identifi-
cations as in [V.5l In particular we get a Z/[GJ-submodule 7g of mp = Ind% o — we
keep writing o = ind%o Vyo. Our main interest is in Wé, but its analysis goes through
the 7'('6, in particular 5.

As oX satisfies property (H) of [IL13l the maximal parabolic subgroup of G to which
oX extends, trivially on N, has associated set of roots Ajps L ©pax where ©p,ay is the
set of & € A — Ay, orthogonal to Ay and such that (Z° N M) = 1 and x(7) = 1

([ILI7 Corollary).

Notation We let © = Opax N A(V), P. = Pa,,ue and write “oX for the extension of
oX to P, trivial on N. (Note that [I1.22] Lemma 2 gives an identification of w}g with
Ind%, (‘oX @ Ind}r 1).)

Lemma The inclusion mg — mp, induces an isomorphism 5 — 7
€

Proof It suffices to show that for P, C P; C P» with Ap, = Ap, U {«a}, the natural

map 7y, — 7, is an isomorphism. If a ¢ A(V) or if 9 is not trivial on 79N M! or

~

« not orthogonal to Ay, then by [V.6] we even have an isomorphism Ry ®@z,, mp, —
Ry ®z,, mp,. Otherwise, x(7,) # 1 and since (1, — 1)7p, C wp, C 7p, by .6, we
have an isomorphism 73, = 75 O
V.13. Notation Let D be the set of parabolic subgroups of G between P and P..
eFor Q, Q1 in D, Q D Q, put cgg, = [l (7o —1) (then cg g, mg, C mq by
QEAQfAQI
[V.6] Proposition).

e For Q € D, let 7¢ be the image of 7o —=% 7p, — 75 (= 75), and let pg be the
image of g — mp — Tp.
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o For Q € D, let Q° € D be the parabolic subgroup such that Age—Ay = Ap, —Ag,
and let ®g, ¥y be the G-equivariant maps

O T — ﬂ'}ge — 7'('2(20,
Vg : pg — 7@2 cﬁ’}; 7'('2(20.

Here the last map is obtained from 7p ity Qe by tensoring by x.

e Let Ig the submodule Indge(eax ® Indge 1) of 7%. In particular, Ip = pp = 7).

Note also that 7p, = 7T]>_§,e.

Remark 1 The maps mg T Tp, < mQe and mQ — Tp ity mQe are equal because
cqe,p = cp,,- Therefore Im g = Im Wy,.

Remark 2 For Q, @ in D, Q D @1, we have 7, C 79 and pg, D pg-
Our second main result in this chapter is:

Theorem Let Q € D.

(i) pq = Lo
(11) Ker Vg = >, PQr-
Q1€D,Q12Q
(111) Ker g = > T
Q1€D,Q16Q
(tv) Let P C D; then g N Y. 7o, = Y. TQNQ:-
Q1€P Q1€P

It implies [L6 Theorem 6:

Corollary 1 For Q € D, 7¢/ >, 7@, is isomorphic to I.(P,cX, Q).
Q1€D,Q16Q

Proof By Remark 1 we have that 7g/Ker ®¢ is isomorphic to pg/Ker ¥g. But
pg = Ig by (i) so we get by (ii) and (iii) a G-isomorphism between 79/ > 7,
Q1€D,Q14Q
and Ig/ > Ig, which is I.(P,0X,Q). O
Q1€D,Q12Q

Corollary 2 Enumerate the parabolic subgroups in D as P = Q1,...,Q, = P., so

that i < j if Q; C Qj. Fori=0,...,r, put I; = 3 7q,;. Then fori=1,...,r,
1<5<i

L/ 1y ~ 1.(P,0X,Q;).

Proof Fori=1,...,r I;/I;.1 = TQi/(TQi n > TQ]') is also TQ'L/ > TQiNQ; by (iv).
1<j<i 1<5<i
The assertion follows from Corollary 1. [J

Remark 3 The proofs below are in fact valid more generally: it would suffice, for
a given parabolic subgroup P = M N of G containing B, to tensor ind% V' with the
quotient of Rj; in which all 7, — 1 for a € © are killed.

Since we consider only parabolic subgroups in D, and all the representations we
consider are parabolically induced from analogously defined representations of the
Levi quotient of P,, it is enough to prove the theorem when P, = G, i.e. A = Ay UO,
which we assume from now on.
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V.14. Under that assumption A = Ay, U O, we prove [V.13 Theorem in a succession
of lemmas.
We fix @ € D and let Mg be its Levi subgroup containing M.

Lemma 1 pg C Ig.

Proof Equality is clear when @) = P, so we assume ) 2 P. For each o € Ag—Ap, let
P be as in[V.11] By[V.1IlLemma 2, ppo is included in Ipa so a fortiori pg C Ipa. But
the subgroup of GG generated by the P*’s for a € Ag—Ap is Q, 50 Naecag—aplpe = Ig,
and pg C Ip. O

To prove equality in Lemma 1, we resort to filtration arguments. In the following

A, w, A" are as in[V. 7 and 7p 4, 79, 4 as in V.7 V.8

Remark 1 We can also filter 7% by support yielding (75)4 C 75. But from .7
Lemma we get, after tensoring with x : Ry — C, that mp 4 — 7TI>§ induces an isomor-
phism (mp a)X = (7)) 4. We let 7% , denote (7)) 4.

We put pg.a = pg ﬂﬂl);A, Iga=1Ig ﬂﬂl);A, $0 pg,A = po NIg a.
Remark 2 By Corollary 2 and Corollary 3,
0— Ry @mQa — Ry @9 — Ry @ (mq/m@Q.a) — 0

is an exact sequence of free Rj/-modules (an extension of free Rjs-modules is free and
by induction Ry ® mg 4 and Ry ® mg are free Rjs-modules). Therefore the map
(mg,a)X — Wé is injective.

Lemma 2 (’L) Ifw ¢ W(MQ) then IQ7A == IQ7A/, and PQ,A = PQ,A’-
(ii) If w € W(Mg) the maps 7o — pg — Ig — 7 induces isomorphisms

(mQa)X/(mQ,a)* =~ pg,a/p.ar = 1,4/ 1Q, 41 = T 4/ TP ar-
i1i) po.a is the image of To A in 7.
Q, Q, P

Note w € W(Mg) means that for o € Ag, w™(a) > 0; it is equivalent to cg., = 1
C.3).

Proof (i) Let f € Ig a4 — Ig a/; then f is not identically 0 on PwB, but its support is
left Q-equivariant, so for any v € Wy, f is not identically 0 on PvwB. If w ¢ W(Mq)
we can choose v € W)y, so that vw < w. That implies vw ¢ A by minimality of w, a
contradiction. So Ig a = Ig 4 and pg a = pg,ar follows by intersecting with pg.

(ii) Let w € W(Mg). Then cg, = 1 and [.8 Proposition gives that the map
7Q,A — Tp.A induces an isomorphism wg a/mg 4 ~ mpa/mpa. Tensoring with x
gives an isomorphism of (7g 4)X/(mq,a/)X onto (7p.a)¥/(mpa)* which is 75 /75 4
by Remark 1; since the image of that isomorphism is contained in pg a/pg a, itself
contained in Ig a/Ig ar, we get (ii).

(iii) We prove it by descending induction on #A, the case A = W (M) being true
by definition of pg. We assume that the result is true for A and prove it for A’. By
V.11l Lemma 4 we have

7Q,A C CQuTP,,A T TQ, A
If w ¢ W(Mg) then x(cgw) = 0. Hence mg 4 and 7 4 have the same image in 7,
which is pg,4 by induction and pg 4 by (i). If w € W(Mg) we use the isomorphism
(mQ,4)X/(mq,a1)X ~ pg.a/pg.a in (ii). Since (g 4)X — p@,a is surjective by induction,
(mQ,a7)X = pg,ar has to be surjective too. O

Lemma 3 pg = Ig.
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Proof By induction on #A: if pg a» = Ig s, then Lemma 2 (i), (ii), and Lemma 1
give po,.a = Ig,a- O
Lemma 4 For Q1 € D, Q1 2 @, Ker Yg contains pg, -

\\
Proof It enough to show that the composite map Wél — 7'('2(2 — PO —4 7'('2(26 is 0. But

it factors as 7'('2(21 — 7'('2(2 ©9 Wé — wéc since cge p = cq,g- From cg.g = ¢, .0cq,Q, we
get CG7Q7T61 = CQl,QCG,Qlﬂél C ¢, oy which is 0 since x(cg, @) = 0. O

Lemma 5 Ker ¥ C > po.-

@1€D,012Q
Proof We show by induction on #A that
(%) Ker Wo Ny, C Z PO, -

Q1€D,Q12Q
We assume that () is true for A’ and prove it for A. Note that Ker Ug C pg C 7)
so Ker U N7p 4 = Ker UgNpga. If we¢ W(Mg) then pg a = pg,ar by Lemma 2
(i), so the result is immediate. Assume w € W (Mg). On pg,.a/pg .4, Yo induces
Vg @ po,alpo.ar — TH A/TH ar oy (mQe,a)X/(mqe ar)X. By Lemma 2(ii), the first
map is an isomorphism, so we focus on the second map.
Notation Put d$ = II (Ta — 1), so that cge p = dgch,w because A —
aEA-Ag,w™1(a)>0
Ag = Age — Ay
By[V.8 Proposition and the remark before it, cge ., gives an isomorphism 7p 4 /7 P,A -
Qe A/TQe ar. If dg = 1 then \I’Q is injective and Ker ¥g N ﬂ'}gA = Ker Yo N 7T3<;.A,
so (x) follows from the induction hypothesis. Let d9 # 1, choose a € A — A with
w™(a) > 0 and let Q* be the parabolic subgroup of G corresponding to Ag U {a}.
Then w € W(Mge) and Lemma 2 (ii) gives the isomorphism

~ X X
PQe,A/ PQ,Ar — Tp A/ T -

Let f € Ker Wo N7} 4, and choose f' € pga a with f — f' € 75 4. As f' € Ker ¥g

by Lemma 4, f — f' € Ker Ug so f — f" belongs to > pg, by induction; as f’
Q1€D,Q12Q
also belongs to that space, the result follows. [

V.15. We have proved (i) and (ii) in [.13] Theorem, and now we turn to part (iii).
Describing Ker @, is analogous to describing Ker Wg. Welet A, w, A’ be as before, and
let 79,4 C T be the image of mg 4 (or (7g,4)X) in 7 = 7, via the map Wé ©9 5.
We observe that 7 4/ C 79,4 and 79, a4 C 79,4 if @1 C Q in D. We note also that by
V14 Remark 2 we have (mg,.4)X = 76,4 C 7.

Lemma 6 (i) If for some o € A — Ag, w™(a) > 0 then 1,4 = T ar. Otherwise the
natural maps (7Q 4)X/(mg,a1)X = 7Q,A/TQ A — Taq,A/Ta, A1 are isomorphisms.

(11) 7.4 = Tq,A N TQ.

Proof (i) Let ¢ € mg 4. With P, as in V.10, V.11l Lemma 4 implies that we can
write ¢ = cQwdw + ¢ with ¢, € mp, a4 and ¢’ € mg as. Since diQUcGﬂU = cGq,QCQw We
get cg.op = diQU(cG,wqﬁw) +cq.0¢’. But cguw = cg,p, SO cGuwdw belongs to mg by V.6l
Proposition. In the first case of (i), X(dg) = 0, so ¢ has the same image as ¢ in 7¢;
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this implies 7g 4 = 7 4/ Let us assume we are in the second case of (i), so dg =1.
Consider the natural inclusions

TG, A/TG A = TQA/TQ A — TPA/TP.A.
By V.8 Proposition, the first space is ¢ o (7p,a/7p,a’) and the second is cq . (Tp,a /TP a1).
Consequently cq,q(7Q,a/7Q.4’) = TG,a/TG, A since d9 = 1. Thus cg,q induces a sur-
jective map of mg a/mq, ar onto mq A /7, 4. But by 4l Lemma (i) (applied to M) cg g
acts injectively on o hence on mp a/mp s, so we actually get an isomorphism. Tensor-
ing with x we get an isomorphism (7g 4)X/(7g a/)X = 7q,a/7c,a’; but this factors as
in the statement of (i), so (i) follows again.

(ii) We proceed by descending induction on #A, the case A = W (M) being obvious.
The containment 7 4» C 7g 4rN7q is clear, and we have 79 4 = 7¢, 4N7g by induction.
In the first case of (1) TQ,A = TQA = TG,ANTQ D Ta,A N TQ 80 TQ Ar = Ta A 1 TQ.
In the second case of (i), 7Q,a/7Q.ar — TG,A/Ta A is an isomorphism; as moreover
TG4 N TQ C 7g,A by induction, the result follows. [J

Lemma 7 For Q1 € D, Q1 & @, then g, C Ker ®g,.

Proof Let P; be the parabolic subgroup corresponding to Ag, L(A—Ag) = Ag,UAge.
Since Q1 & @, we get Py & G. We have cp, 9,79, C mp, C 7Qe 80 cq,0,7Q, C

ca.p Qe As x(cg,p,) = 0 the image of 7, i S TQe — Wéc is 0; but that image is
(I)Q(TQ1)' g

Lemma 8 Ker®g C > TQ-

Q1€D,Q1$Q

Proof We prove that Ker ®g N 7g, 4 is contained in the right-hand side, by induction
on #A. In the first case of Lemma 6 (i), 79 4 = 7, a7, 80 Tq,ANTQ = T, 4 N TQ by loc.
cit. (ii). Consequently Ker ®oN71g 4 = Ker ®oN7g 4 and we are done. So we assume
that for all « € A —Ag = Age — Ap we have w™!(a) < 0. On 79 4/70 a7, P induces

g : 1g.a/Toa = (TG4 ) (TG )X —(TQe,4)X ) (Tge a1)X, where the first map is an
isomorphism by Lemma 6 (i), and the second comes, upon tensoring with y, from
the inclusion of mg a4/mg ar into mge a/mge 4. By Proposition, we have, inside
TP A/TP A, Ta,A/TG A = CGw(TPA/TPA), and TQe a/TQe a1 = CQew(TpA/TPAr). If
for all @ € A — Age we have w™!(a) > 0, then cgw = cgew, and TG, A/TG.Aa =
Qe A/TQe ar; thus Ker @ N 7.4 = Ker®g N 7¢ 4/, so we conclude by induction.
In the opposite case, choose o € A — Age = Ag — Ap with w™!(a) < 0, and let
Qq correspond to Ag — {a}. Then 79, 4/7Q. A" = Ta,A/Tc 4 is an isomorphism by
Lemma 6 (i). If f € Ker 8gN7g 4, thereis f' € 7g, 4 with f—f" € 7 ar. As g, C 79
we have f — f' € 7q 4 N 7g = 7 A’ by loc. cit. (ii). Lemma 7 gives ®o(f’) = 0, so
@o(f — f') = 0 and by induction f — f’ belongs to the right-hand side of Lemma 8&;
since f’ € 7g,, also belongs to that space, so does f. O

V.16. It remains to prove (iv) of V.13] Theorem.

Lemma 9 Let P C D. Then ( > TQ1> NTGA= Y. TQ,A-

Q1€P Q1€P
Proof The containment D is clear; we prove the other direction by descending in-
duction on #A4. Let P~ = {Q1 € P | wl(a) <0 for any « € A — Ag,}. If P~ is
empty then 79, 4 = 79, 4 for any @1 € P (Lemma 6, (i)), and we have nothing to

prove. Assume P~ is not empty, and put Qn = () Q1. Then for « € A — Ag,,
Q1€P~
we have w™1(a) < 0 so by loc. cit. the map 79, 4 — T¢,.4/7¢.ar is surjective. For
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Q1 € P let fo, € 179, be chosen so that ) fo, € 7g.as; by the inductive hy-
Q1€P
pothesis we may assume that all fg, € 79, 4. For Q1 € P — P, we even have
fo. € Tg,,ar by loc. cit. Fix Q2 € P~; for Q1 € P, Q1 # Q2 choose f&h € TQn,A With
le — fél € Tq A Since TQn,A C TQ1,As le — fé1 belongs to 7q 4 N 7Q, = 7Q,,A’-
So appears as + . plus terms in T0. 4. But for
Q1 Q2 Q1 Q1,

Q1EP Q1EP~,Q1#£Q2 Q1EP
Q1 € P7, Q1 # Q2, fp, belongs to 79,4 C 7,4 50 fq, + > fo, belongs
Q1EP~,Q1#Q2

to 7@, N Ta,Ar = TQo.ar C Y, TQyA-
Qi1EP

We finally prove (iv) of .13] Theorem. Fix @ € D and let P C D. It is clear that

( Z TQ1> nNtg D Z (TQI ﬂTQ) D) Z TOI1NQ-

Q1€P Q1P Q1€P

We prove now

< Z TQI) N7Q,4 C Z T0.n@ by induction on #A.
Q1 eP Q1EP

If there is @ € A — Ag with w™(a) > 0 then 79 4 = 79 4 (Lemma 6 (i)) and there is
nothing to prove, so we assume the contrary. By Lemma 9

( Z TQ1> N1Q.A= < Z TQI,A) N7Q,A-

Q1€P Q1P

Let P~ C P be the same subset as in the proof of Lemma 9. If P~ is empty, then
TO1,A = TQ,, A for any @1 in P. Hence

< Z TQ1> N71Q.A= ( Z TQl,A’> N71Q.A= ( Z TQl,A’> N7, A,

Q1€P Q1€P Q1P

and the result follows from Lemma 9 and the induction hypothesis. Now assume

P~ # 0, and write Qn = QN () Q1; then for & € A — Ag,, w(a) < 0 and
Q1eP~

again 7g, A — Ta,A/Tc,.a is surjective. For Q1 € P let fg, € 79, be chosen so that

> fo, € 79.a. By Lemma 9 we may assume fg, € 79 a. For Q)1 € P, choose
Q1EP

fo, € T4 With fo, — f§, € Ta,ar (then fo, — fo, € g, 47). Write

Z fo. = Z (le_fé1)+ Z fo. + Z fé?l

Q1EP Qi1EP~ QiLEP—P~ Qi1EP—

We examine the right hand side. The last term belongs to 79,4 C 79,4, so the sum of
the first two belongs to 7. As each summand in those two terms indexed by @ is in
TQ, A’, their sum belongs to ( Y 79, 4/)N7g, whichisin ) 7g,ng by the induction
Q1€P Q1€P
hypothesis. But for Q1 € P, féh € TQn,A, and 79, C TQ,nQ since @n C Q1 N Q.
Thus the third term also belongs to )  79,ng. O
Q1€P~

VI. CONSEQUENCES OF THE CLASSIFICATION

VI.1. The representation theory of irreducible admissible representation of G over a
field of characteristic p is very different from the theory over a field of characteristic
£ #£ p. The following proposition is a new example of these differences.
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Proposition Any irreducible representation m of G is a subquotient of Indg o for some
representation o of Z.

Proof The smoothness of m implies that m has a weight V. The irreducibility of
m implies that 7 is a quotient of ind% V. The representation ind%V embeds in
Ind%(indZ, Vi0) by the intertwiner Z of [TLI3 O

We recall from that a representation of G is supercuspidal if it is irreducible,
admissible, and does not appear as a subquotient of a parabolically induced repre-
sentation Ind]G; o, where P is a proper parabolic subgroup of G and ¢ an irreducible
admissible representation of the Levi quotient of P.

It is well known [BLI) [Bx] that there exist supercuspidal representations when G =
GL2(Qy), therefore the proposition shows that we cannot drop the condition that o
is irreducible admissible in the definition of supercuspidality, unlike over a field of
characteristic ¢ # p.

VI.2. We derive the desired consequences of Theorem 4. Mostly we follow the

pattern of [He2].

We now prove [L5] Theorem 5, which we recall.

Theorem Let w be an irreducible admissible representation of G. Then m is supercus-
pidal if and only if w is supersingular.

As noticed in the introduction, this theorem shows that the notion of supersingu-
larity, for an irreducible admissible representation of G, is independent of the choices
of S,B, K.

Proof Let 7 be supercuspidal. By Theorem 4, there is a supersingular B-triple
(P,0,Q) such that m ~ I(P,0,Q). By [IL24 Proposition, I(P,o,Q) is a component of
Indg 0,80 P =G and w ~ ¢ is supersingular.

Let 7 be supersingular. Assume it occurs as a subquotient of Indg o for a parabolic
subgroup P of G and an irreducible admissible representation o of the Levi quotient M
of P; we may and do assume that P contains B. By [L5 Theorem 4, [I1.24] Proposition,
and transitivity of parabolic induction, we may assume that o is supersingular. By
[IL24] Proposition, 7 is isomorphic to some I(P, o, Q) and [ Theorem 4 implies that
P = @G, so that 7 is indeed supercuspidal. [

Theorems 1 to 3 in Section are now rather immediate. They follow from
Theorem 4 and the following elementary observations:
(i) Any triple is G-conjugate to a B-triple.
(ii) A B-triple is supersingular if and only if it is supercuspidal (by the theorem).
(iii) I[(P,0,Q) ~I1(P', o', Q") if the triples (P,0,Q), (P',¢’,Q") are G-conjugate.

VI.3. We also have the desired consequence about supercuspidal support.

Proposition Let m be an irreducible admissible representation of G. Then there is a
parabolic subgroup P of G and a supercuspidal representation o of the Levi quotient of
P such that w is a subquotient of Ind}qa. If Py is a parabolic subgroup of G and oy
a supercuspidal representation of the Levi quotient of Py such that w is a subquotient
of Indg1 o1, then there is g in G such that P, = gPg~—' and that o1 is equivalent to
= o(g txg).

Proof By Theorem 3, 7 has the form I(P,0,Q) for some supercuspidal triple
(P,0,Q) and the first assertion comes from [I1.24] Proposition. The uniqueness asser-
tion is derived in the same way from [[.3] Theorem 2. [J
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We say that the supercuspidal support of 7 is the class of (P, o) for the equiva-
lence relation appearing in the proposition.

VI.4. We give one more consequence mentioned in the introduction.

Proposition Let (P,0,Q) be a B-triple. Assume that o is a supercuspidal (or equiv-
alently, supersingular) representation of M. Then I(P,0,Q) is finite-dimensional if
and only if P=B and Q = G.

Proof As Z is compact mod centre, any irreducible representation 7 of Z is finite di-
mensional [Hnl, and consequently supercuspidal. If P(7) = G then I(B,1,G) =
r is finite dimensional. Conversely, let m be a finite-dimensional irreducible represen-
tation of G. Then its kernel is an open normal subgroup of G. Considering ¢ : G* — G
as in Chapter [[I, Ker(o o¢) is an open normal subgroup of G which by Propo-
sition has to be G' itself. Thus = is trivial on G’ and since G = ZG’, 7 restricts to
an irreducible (supercuspidal) representation 7 of Z; we have P(r) = G and °T = T,
m=1(B,7,G). O

VI.5. It is worth noting that our results recover the classifications obtained previ-
ously in special cases. Keep the notation of Chapter [IIl When G is split, then for
a € A, ZN M is simply the image in Z = S of the coroot ", so our classification
is the same as that of [Abel; it also gives the classification of [He2] for G = GL,,.
Other special cases are worth mentioning: groups of semisimple rank 1 and inner
forms of GL,. Of course if G has relative rank 0, all irreducible representations of
G are finite dimensional and supercuspidal, and our classification theorem says noth-
ing. If G has relative semisimple rank 1, the classification is rather simple (see also

[BL1 BL2, [Abd, [Chel, Kol [Ly2]). An irreducible admissible representation 7 of G falls

into one (and only one) of the following cases:

1) 7 is supercuspidal (hence infinite dimensional), i.e. 7 ~ I(G, 7, G).

2) r is finite dimensional; it is then trivial on G’ and restricts to an irreducible repre-
sentation 7 of Z, trivial on Z NG, and 7 ~ I(B, 7, G).

3) 7~ 0 ® St§ where o is as in 2), i.e. 7 ~ I(B, 0|z, B).

4) m ~ I(B, T, B) where 7 is an irreducible representation of Z (hence finite dimensional
and supercuspidal) which is not trivial on Z N G'.

VI.6. Let us briefly consider the case of inner forms of general linear groups. Thus
G = GL,,,p where D is a central division algebra of finite degree over F'. We take for
S the diagonal subgroup (F*)" (so that Z is the diagonal subgroup (D*)™), and for
B the upper triangular subgroup. We can take K = GL,(Op) where Op is the ring
of integers of D; all other special parahoric subgroups of G are conjugate to K.

A parabolic subgroup P of G containing B is an upper triangular block subgroup,
and the corresponding Levi subgroup M is the block diagonal subgroup. If the succes-
sive blocks down the diagonal have size nq,...,n,, then M appears as My x --- x M,,
M; = GL,,(D) and an irreducible admissible representation of M factors as a tensor
product m ® --- ® m,., where m; is an irreducible admissible representation of M; for
i =1,...,r determined up to isomorphism. (Conversely such a tensor product is an
irreducible admissible representation of M: the reader can devise a proof as suggested
in [He2], perhaps using [HV2] 7.10 Lemmal.) Note that the group G’ is the kernel
of the non-commutative determinant det : G — F*. Parameters for the irreducible
admissible representations of G can then be described in a way entirely parallel to the
case D = F obtained in [He2|]. (The cases of GL,, (D) where n < 3 are treated in T.

Ly’s Ph.D. thesis [Ly2], Chapter 3].)



A CLASSIFICATION OF IRREDUCIBLE MOD p REPRESENTATIONS OF p-ADIC GROUPS 59

We simply state the results, leaving to the reader the translation from our classifi-
cation in this paper.

For i =1,...,r let m; be a representation of M; which is either supercuspidal or of
the form x; o det for some character x; : F* — C*; if for two consecutive indices i,
i+ 1 we have m; = x; odet and ;11 = ;11 o det, assume x; # Xii1-

For each index i such that m; = x;odet, choose an upper (block) triangular parabolic
subgroup @; of M;, and put o; = (y; o det) ® Stg;; for other indices ¢ put o; = ;.
Then Ind%(o; ® --- ® o) is irreducible and admissible. Conversely any irreducible
admissible representation of G has such a shape, where the integers nq,...,n,, the
parabolic subgroups @Q; of M; = GL,, (D), and the isomorphism classes of the m;, are
determined.
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