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1. INTRODUCTION
The (classical) local Langlands correspondence for GL,, asserts that there is a bijection
Irrc(GL, (Qp)) «— WD, (C)

where

o Irrc(GL,(Qp)) is the set of isomorphism classes of smooth irreducible C-valued representations of

GLn(Qp)

e WD,,(C) is the set of isomorphism classes of n-dimensional C-valued Weil-Deligne representations, i.e.
all pairs (p, V') where p is a semisimple representation p: Wq, — GL,,(C) with open kernel, and N is an
endomorphism which satisfies

p(o)Np(0) ™" = | Artg ()], N

which satisfies certain functorial properties (which determine the correspondence uniquely). We refer to the
left-hand side of this correspondence as the automorphic side and the right-hand side as the Galois side. This
conjecture now has many proofs, for example, by Harris—Taylor | ] (which has global input) and a purely local
proof by Scholze [ ]

In fact, there is nothing special about having complex coefficients — the usual topology on C plays no role in
either side of the correspondence — and we could essentially work with any characteristic 0 field, as long as it is

equipped with the discrete topology. For example, let L/Q, be a finite extension. Then we have the following
lemma:

Lemma 1.0.1. The category of Weil-Deligne representations over L is equivalent to the category of (9, N,Gq,)-
modules, i.e. the category of finite free Q)" ® L-modules D with
o A Qp"-semilinear Frobenius p: D — D
e A Qp' ® L-linear endomorphism N: D — D satisfying
N¢ = peN

e An action of G, that is Q)" -semilinear and factors through a finite quotient.
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This almost looks like a common object in p-adic Hodge theory, except there is one thing missing — there is no
filtration on D. Essentially this is because we have equipped L with the discrete topology. From now on we equip
L with the p-adic topology.

To obtain a p-adic refinement of the classical local Langlands correspondence, we enrich the (¢, N, Gg, )-module
with a filtration such that the module is weakly admissible. Then, by the work of Colmez, Fontaine, Berger
and André-Kedlaya-Mebkhout, weakly admissible filtered (¢, N, Gg,)-modules are the same thing as de Rham
representations of Gig,. This is the candidate of the Galois side of the p-adic correspondence. But what should
the candidate on the automorphic side be?

It turns out that the data of the Hodge—Tate weights of a (regular) filtration are in bijection with algebraic
representations of GL,,. For example, for n = 2, the Hodge-Tate weights' {a,a + k} correspond to the alge-
braic representation Sym* ™! @ det. Let D be the (o, N, G, )-module associated with 7 via the classical local
Langlands correspondence, and suppose that we can equip D with the filtration corresponding to an algebraic
representation V' such that D inherits the structure of a weakly admissible filtered (¢, N, Gq, )-module. Then the
corresponding object on the automorphic side should be an appropriate p-adic completion of 7 ® V.

Example 1.0.2. Let n = 1 and L = Q. Then the classical local Langlands correspondence is just local class
field theory. In particular, the norm character

|-]: Q) = Q* C Q)

corresponds to the (¢, N)-module D = Q, - e where ¢(e) = p~'e and N = 0 (the Galois action is trivial so we
have suppressed it from the notation). We can equip D with the filtration satisfying F~'D = D and F°D = {0},
which turns D into a weakly admissible filtered ¢-module. This corresponds to the crystalline representation:

Xeyc* GQ; — Q;
given by the cyclotomic character.

On the automorphic side, the corresponding representation is the “p-adic completion” of |- | ® V, where V is the
standard representation of GL;. Or to put it another way, under the p-adic local langlands correspondence, we
have

<Qg—>LX

<— cyclotomic character
x — x|z

Unfortunately, the only precise statement of the p-adic local Langlands correspondence is for n < 2. For the case
n = 2, the correspondence is now a theorem due to Colmez—Dospinescu—Paskinas:
Theorem 1.0.3 ([ ). There is a bijection between the isomorphism classes of:

o absolutely irreducible, non-ordinary, admissible, unitary L-Banach representations of GL2(Q,)

e 2-dimensional absolutely irreducible continuous L-representations of G,
which is compatible with local class field theory.
Remark 1.0.4. All the remaining cases not appearing in Theorem 1.0.3 essentially follow from local class field
theory. This is in analogy with the proof of the classical local Langlands correspondence for GL,,; you first show

it for supersingular representations and then use induction. Furthermore, this correspondence restricts to one
between certain completions of 7 ® V' and de Rham representations, as described above.

The goal of this study group is to understand the proof of Theorem 1.0.3.

1We normalise so that the cyclotomic character has Hodge—Tate weight 1.
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1.1. QOutline of the study group. The starting point of the proof of Theorem 1.0.3 is the Montreal functor con-
structed by Colmez, which is an exact, covariant functor from well-behaved Banach representations to continuous

Galois representations. In | ], Paskiinas investigates the image of this functor and, for p > 5, shows that this
functor has all the required properties needed to be called a p-adic Langlands correspondence. It is this paper that
we will follow for the study group. The remaining cases (p = 2, 3) are considered in [ ]

Since we are essentially trying to take a "p-adic completion” of the classical local Langlands correspondence, it
is natural to first study the Montreal functor on mod p representations, then consider “deformations” on both
sides of the mod p correspondence and show the corresponding “deformation rings” are isomorphic. On the Galois
side, we consider the deformation ring parameterising pseudo-deformations of mod p Galois representations. On
the automorphic side, we consider the injective envelope of the mod p representation and study the centre of its
endomorphism ring.

The latter can (in an appropriate sense) be thought of as a localised Hecke algebra, and then the goal is to prove a
(local version of a) R=T theorem. This analogy is pushed further in the work of Caraiani-Emerton—Gee—Geraghty—
Paskiinas—Shin [ ] where a conjectural description of a p-adic local Langlands correspondence for GL,, is
given, via patching. If time permits, we could possibly look at this paper too.

2. SCHEDULE OF TALKS

(1) Abi. Mod p and integral p-adic representations of GL,(Q,): This talk will discuss the general
theory of representations of GL,,(Q,) with coefficients in complete local Noetherian Z,-algebras with
finite residue field, following | . [ I [ ], and | . In particular, the main goal is to
understand in as much detail as possible the diagram on page 7 of | ], so try to cover all of the
material until that diagram.

(2) Ashwin. Classification of irreducible representations of GL,,(Q,) The goal of this talk is to state and
prove (as much as possible) the classification given by Herzig in [ ] following work of Barthel-Livné
in [ ] and [ ] and [ ]. The work of Vignéras in | ] might be helpful as well.

(3) Andy. Ext groups between irreducible representations: We now wish to understand the decomposition
of I\/IongZ(O) into blocks, where ( is a fixed central character and “Ifin” means locally finite. By definition
we need to understand the Ext! groups between irreducible representations. This is done in [ 1
[ . [ Nl ]. For this talk, state the vanishing results in all cases, and sketch as many of
the proofs as you can. Once we've gone through the second talk we will add here precise locations of the
statements and proofs in the various cases.

(4) Ashvni. L-Banach space representations: For this talk we wish to cover the representation theory when
p is inverted. For this we follow [ , Section 4].

(5) Pol. Gabriel’'s Theory: Gabriel has a general theory of block decomposition of locally finite categories.
It would be useful to go over this, and then show that our situation fits into his framework.

(6) Ashwin. Deformation Theory: The goal of this talk is to cover | , Section 2 and 3] where Paskunas
introduces his noncommutative deformation theory and studies the “Bernstein centers” of the categories
of mod p and p-adic representations. If time permits finish the end of | , Section 4].

(7) Sam. Galois Representations This will cover mod p and p-adic Galois representations, as well as the
formalism of (p,T')-modules over the Robba ring.

(8) Wagar. Montréal Functor The goal of this talk is to cover the Montréal functor. We'll give more details
in due course.

(9) 777



4 ANDY AND ASHWIN

REFERENCES

[BL94] L. Barthel and R. Livné. Irreducible modular representations of GL5 of a local field. Duke Math. J.,
75(2):261-292, 1994.
[BL95] L. Barthel and R. Livné. Modular representations of GLs of a local field: the ordinary, unramified case.
J. Number Theory, 55(1):1-27, 1995.
[BP12] Christophe Breuil and Vytautas Paskiinas. Towards a modulo p Langlands correspondence for GLo.
Mem. Amer. Math. Soc., 216(1016):vi+114, 2012.
[Bre03] Christophe Breuil. Sur quelques représentations modulaires et p-adiques de GL2(Q,). |. Compositio
Math., 138(2):165-188, 2003.
[CDP14] Pierre Colmez, Gabriel Dospinescu, and Vytautas Pasktinas. The p-adic local Langlands correspondence
for GL2(Q,). Camb. J. Math., 2(1):1-47, 2014.
[CEGT13] Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vytautas Paskunas, and Sug Woo Shin.
Patching and the p-adic local Langlands correspondence. Camb. J. Math., 4(2):197-287, 2013.
[Col10] Pierre Colmez. Représentations de GL2(Q)) et (¢,I')-modules. Astérisque, (330):281-509, 2010.
[Emel0Oa] Matthew Emerton. Ordinary parts of admissible representations of p-adic reductive groups |. Definition
and first properties. Astérisque, (331):355-402, 2010.
[Emel0b] Matthew Emerton. Ordinary parts of admissible representations of p-adic reductive groups Il. Derived
functors. Astérisque, (331):403-459, 2010.
[Hera] Florian Herzig. The mod p representation theory of p-adic groups. https://www.math.toronto.
edu/~herzig/modpreptheory.pdf.
[Herb] Florian Herzig. p-modular and locally analytic representation theory of p-adic groups. https://nms.
kcl.ac.uk/ashwin.iyengar/padova/FH.pdf.
[Herll] Florian Herzig. The classification of irreducible admissible mod p representations of a p-adic GL,,.
Invent. Math., 186(2):373-434, 2011.
[HTO01] Michael Harris and Richard Taylor. The Geometry and Cohomology of Some Simple Shimura Varieties,
volume 151. Princeton University Press, 2001.
[Pas10] Vytautas Paskiinas. Extensions for supersingular representations of GL2(Q,). Astérisque, (331):317-
353, 2010.
[Pa813] Vytautas Paskiinas. The image of Colmez’s Montreal functor. Publ. Math. Inst. Hautes Etudes Sci.,
118:1-191, 2013.
[Sch13] Peter Scholze. The local Langlands correspondence for GL,, over p-adic fields. [Invent. math.,
192(3):663-715, 2013.
[Vig04] Marie-France Vignéras. Representations modulo p of the p-adic group GL(2, F). Compos. Math.,
140(2):333-358, 2004.


https://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
https://dx.doi.org/10.4310/CJM.2014.v2.n1.a1
https://dx.doi.org/10.4310/CJM.2016.v4.n2.a2
https://www.math.toronto.edu/~herzig/modpreptheory.pdf
https://www.math.toronto.edu/~herzig/modpreptheory.pdf
https://nms.kcl.ac.uk/ashwin.iyengar/padova/FH.pdf
https://nms.kcl.ac.uk/ashwin.iyengar/padova/FH.pdf
http://www.jstor.org/stable/j.ctt1287kfd
https://doi.org/10.1007/s00222-012-0420-5

	1. Introduction
	1.1. Outline of the study group

	2. Schedule of Talks
	References

