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Galois representations and HN - nodules " i course at IMP from 7010 .

soso.MotivatinginfvitionletQe.no- ④else-f- to Bed .

Let Me Gd Qed. G --Gar Gal Qd, he G-Me Gal .

Then we have on d ' set '

em→↳of →I .

Also
,
let E- Kei GEEK defined by

the font"!

Then He tarred and Kir III is an iso
.

Fact let ↳ /Qe. be a fin
.

run
.

Then

Tr (m↳ I = Marx .

And from the point of view of discriminants
.
this is saying

"finite edis of Qp .. are almost un ramified
.

"

so to study 6¥, it should be enough to study P with some on ramified data
.
like a frobenius 4

.

The point of this talk is to make this intuition precise .

{¥TfpYin of ai
.
.
which is ok ,

closed
, Oo

.
its closed unit ball

.

Let Ie Oe , be any ideal containing all etfs of valuation at least IT i rake- il, which is not maximal .
Here are some rings .

A tilde means the ring is perfect .

(1) Let =LKoran . . . .I lieOH ,
ki -- e :* tie o) E ¥1, Once . This is a ring in chore .

It . . we component -

Tas mu H . monoid
in the first description.)
I xifxo.ee . . . . I e

.

the number all til eventually stabilizes
,

and we write rate for its limit
.

Then is a valued ring w/ residue field ftp. It is complete

⑦ Let Ellie . Yea .
.

.
I e .

and let f- e - e .
Then value In and

E LET is a field .

Fort E is org closed
.

(3) Next
.
let Eiffel IE

Ml finally
.
take EWE .



Gdnoisactions :
GE acts continuously on Orry, hence on Et and E-

G acts on T by
g Te gk - Ils Eto

'
-I -- Ittf - e

.

We have G.G E - Eloi! I and hence we get
↳Gareth .

GI

fad this is an isoiM-GHHEo.nl .
This is nontrivial

. Retires knowing 0%11 OH is sori . which in turn .
rehires studying

ramification of Qp, carefully .

And the rings Eq , E . . . .

have a fro b .
Yi xxx! P acts on Earp fly the above formula)

§2 Nfl- nodules over foie
-

DI A ④ fl - nodule over Eia, of din d is an Ea
.

- vector space D of rant d. with smiling connoting actions

of 4 and P
.

Semi linear meansi qui-Wl -Kut Hwi . v.web

4kW -

- 410401, ee Ear red

f- a yeast

and similarly for rep .

Write Ef ' I for the cat . of these
.

The There is an equivalence of cat 's
.

'

Ree: . ENE I
V#lie ④HIM IM acts on both factors)

N'

PI Berger , Ch .

18
.
Not too hard

.
The point is to make use of Hilbert 90 .

§3LiftingfromFeto2emtQ_
We would like to define a ring A as the Witt vectors of Eon. . But this is difficult since E is not
a perfect field .

So we instead define to
,
as a certain subring of WIFI

.

But first :

Read (Witt vectors) If R is a perfecter of char p . It hip to isd ring WN st
.

i

• P B a nonzero divisor in WIR ) Taming the is an automorphism .

•WkrpWIN ⇐ R
•W is separated and complete for the radio topology .



Also
,

if R
'

is another perfect ring in chore .
and Yi R-IR' ring hun , then I ! hom Weld :WR't WIRY

lifting 4
.

Finally, I ! multiplicative mop Hi R→WIN at her hot p WIRD .

Ed W Eep , and if ae ftp. then Kd is the f- ith roof of t congruent to a nod p .

So now let g
field

ATWIEL , T - Ko - t E-ATH

and g
field

np

Alone l eAI BaiAo

If 0¥ If is separable, and FINE A Kd has a primitive elf of Ea , as a roof not p, then by

Measel and train: al eatin Boi
. one with Bielski Ea , and Boii Blade hfoii Ead .

(we say Biron
is onramified!
Let B-In.in of all unran

.

fin efns Boi
,
as above)
"

let A- BAAT .

( Rings denoted B are Qp- Wes. those denoted A- are Op-ah 's
.
and those denoted E are ftp.wgd

Then: . AHA -- EEEoil
• Bland IA are stable under 9 Wku eel

• B and A- are stable under the action of Gq , defined oh AT as W of this action on E .

• ANNBale ball# onef- M .

• Gone acts through P on THE A-one as Xue .

§4 8 , M - nodules over Alone , Bap
-

DI AHN module of dim I over Aap frese Bond is a free Aai not . of rant d l resp . a d - din' l Bone - v.s. ) with

connecting seniti near actions of 4 and R sa :

Y e GL, fatal legs . Yells I
• The action of P is et s for the weather on Aa

,
I resp . Bond .

The weak topology is obtained from giving WIEHE not only a p-adic topology. but also a topology coming
from that on E

.
See Berger, chapter 16 and the end of chapter It for more details .

Write BPHAapl hesp Eff Bond) for the cats of such modules
.

DI De EMI Bond is elude if if a basis of D wit which 4 e GLIA I lie .

if it has a 4 - stable

A-rap
- lattice)

.

Write off#Bad for these .



then There are equiv's of rats :

Rep#Gault HAH
Ree order of Bonet

a.,
V→ Dark ④

*
UM

a.pl road
§5 More motivating remarks
-

Estate or .

Rules for the use of N t
• If HE is a son

. pro; curve. then it is useful to study of by splitting off fro E from it via:
1.→ rural→ rid → oh of

"

Gallery
Gakififfehffroli

• If instead we want to study off) w/ f a nonarch
.

local field of char O
.
we have instead the sequence

1-#Gaff#→GaffVH1
11

Inertia Gidi'tMerrow H -- residue field)
The piece If is much easier to study if we are only asking for l- adic properties of it and her chart .

• On the other hand
, Iwasawa gives us a hint from the theory of number fields of what to do in order

to study baffled radically .

In fact. he viewed ④Geneva as analogous to the constant field etn FINN flew in char p .

(Indeed
,
the Iwasawa Main Conjecture was motivated in analogy with a theorem of Weil that says that

( hwpdyffrobl Terrae I can be written in terms of zeta functions)

The p - power torsion of Galois modules are easier to study up the redotonic tower, rather than l- torsion.

• So this motivates using re GallQeBookQe) as the foot int when studying p-adic properties of God Ian :

Ink On the tilt Ey
HM → Go.-or →I

The char Kae is defined as the action of Gap on

Telltale fief . - → Men . Men -r . . )
"

= {Is" ! 54531 . . . ) / Y ' ' e Men , '
e Smi f n) e e .

So tilting is perhaps the most natural construction if you want the
" cyclotonic period

"

E to appear.



Rmt for Colnez 's functor)
The ring Aap is what Coker calls Oe .

It was

⑦ port
'=L ant ' / aneZe ta an hot pit non o -no

, til

=L E. a.TY aneZe Ven
,
an O)

and Bar
,
is E -- fraud

.

These are rings of functions on p-adic domains
,
and thus the shift to nodules over them is already a

step in the right direction towards the radio automorphic side .

Colmes p-adic local Langlands corr. is

Montreal o D .


